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Moving on to ...

1. Introduction



» Bootstrap methods involve estimating a model many times using
simulated data. Quantities computed from the simulated data are
then used to make inferences from the actual data. The term
bootstrap was coined by Efron (1979). One major reason for their
increasing popularity in recent years is the staggering drop in the cost
of numerical computation.
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» Bootstrap methods involve estimating a model many times using
simulated data. Quantities computed from the simulated data are
then used to make inferences from the actual data. The term
bootstrap was coined by Efron (1979). One major reason for their
increasing popularity in recent years is the staggering drop in the cost
of numerical computation.

> Although bootstrapping is widely used, it is not always well
understood. In practice, bootstrapping is often not as easy to do,
and does not work as well, as seems to be widely believed.

» There are many different bootstrap methods. Some are very easy to
implement, and some can work extraordinarily well. But bootstrap
methods do not always work well, and choosing among alternative
ones is often not easy.
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> It is well-known that the bootstrap, when correctly implemented, can
be an important device to compute critical values or p-values of a
statistical test in samples of finite size.
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It is well-known that the bootstrap, when correctly implemented, can
be an important device to compute critical values or p-values of a
statistical test in samples of finite size.

The bootstrap may be used either to estimate quantiles of an
unknown limiting distribution...

. or to deliver finite sample refinements/improved approximations
to statistical quantities of interest ...

. or to estimate quantities that might be hard to quantify (eg the
standard error of the sample median)

Widely applied in statistics and econometrics, perhaps less so in time
series econometrics.
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> Leading applications in time series econometrics include:
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Fractionally integrated models
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Realised volatility

Fractionally integrated models

> Still, compared to other areas, the bootstrap is arguably under used
in time series econometrics and empirical finance. Why?

» computational time?

>

invalidity?

» difficulty in validly implementing?
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» In most of these applications, the “standard” (nonparametric)
bootstrap (based on i.i.d. resampling) does not work, for several
reasons, possibly including:
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» In most of these applications, the “standard” (nonparametric)
bootstrap (based on i.i.d. resampling) does not work, for several
reasons, possibly including:

» lack of moments
» lack of level stationarity
» non-stationary stochastic volatility
» the presence of nuisance parameters the bootstrap does not replicate
» These features can lead to random limit bootstrap (conditional)
measures

> This does not mean that the bootstrap does not work in general ...
rather that (asymptotic) validity requires that the bootstrap is
correctly implemented.
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Examples of failure of the standard bootstrap in time series:
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Examples of failure of the standard bootstrap in time series:

>

v

inference in the presence of unit roots and common stochastic
trends/factors

inference in predictive regressions with strongly persistent predictors
regression with persistent stochastic volatility, including IGARCH

inference in GARCH processes when a parameter is on the boundary
of the parameter space

inference in autoregessions with infinite variance innovations
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Moving on to ...

2. The Basics of Bootstrap Hypothesis Testing



The Basics of Bootstrap Hypothesis Testing

> Suppose that 7 is the outcome of a test statistic, 7. If we knew the
(exact) cumulative distribution function (CDF) of 7 under the null
hypothesis, say F(7), we would reject the null hypothesis whenever 7
is abnormal in some sense. For a test that rejects in the upper tail of
the distribution, we might choose to calculate a critical value at level
@, say ¢, as defined by the equation, 1 — F(c,) = a.
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> Suppose that 7 is the outcome of a test statistic, 7. If we knew the
(exact) cumulative distribution function (CDF) of 7 under the null
hypothesis, say F(7), we would reject the null hypothesis whenever 7
is abnormal in some sense. For a test that rejects in the upper tail of
the distribution, we might choose to calculate a critical value at level
@, say ¢, as defined by the equation, 1 — F(c,) = a.

» Then we would reject the null whenever 7 > ¢,. For example, when
F(7) is the x%(1) distribution and o = 0.05, ¢, = 3.84.

> An alternative approach, is to calculate the p-value, or marginal
significance level, p(7) =1 — F(7) and reject whenever p(7) < a.

» In most cases of interest, however, we do not know F'(7).
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» Until recently, the usual approach in such cases has been to replace
it by an approximate CDF, say F°°(7), based on asymptotic theory.
This approach works well when F'°°(7) is a good approximation to
F(7), but that is by no means always true.
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» Until recently, the usual approach in such cases has been to replace
it by an approximate CDF, say F°°(7), based on asymptotic theory.
This approach works well when F'°°(7) is a good approximation to
F(7), but that is by no means always true.

» The bootstrap provides another way to approximate F'(7), which
may provide a better approximation. It can be used even when 7 is
complicated to compute and difficult to analyse theoretically. The
asymptotic distribution of 7 need not even be known.

> To perform a bootstrap test, we generate B bootstrap samples that
satisfy the null. A bootstrap sample is a simulated data set. The
procedure for generating the bootstrap samples, which always
involves a random number generator, is called a bootstrap data
generating process, or bootstrap DGP

12/73



> For each of the j =1, ..., B bootstrap samples, compute a bootstrap
statistic, say 7, usually by the same procedure used to calculate 7.
The bootstrap p-value is then

B
AKX [ A 1 * A~
PH(T) = EZI(T]. > 7)
j=1

where I(-) is the indicator function, equal to 1 (0) when its
argument is true (false).
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> For each of the j =1, ..., B bootstrap samples, compute a bootstrap
statistic, say 7, usually by the same procedure used to calculate 7.
The bootstrap p-value is then

B
Ak [ A 1 * ~
pr(7) = EZI(T]- > 7)
j=1

where I(-) is the indicator function, equal to 1 (0) when its
argument is true (false).

» This can also be written as p*(7) = 1 — F*(#) where [*(7) is the
empirical distribution function [EDF] of the 77. As B — oo, F*(7)
converges to the true (common) CDF of the 77, F*(7).

> The bootstrap p-value looks just like the true p-value, but with the
EDF of the bootstrap distribution, F*(%), replacing the unknown
CDF F(7).

> From this, it is clear that bootstrap tests will generally not be exact.
However, most of the problems with bootstrap tests arise not
because F™*(7) is only an estimate of F*(7) but, as alluded to
before, because F*(7) may not be a good approximation to F'(7).
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» There is an important special case in which bootstrap tests are
exact. For this result to hold, we need two conditions:
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There is an important special case in which bootstrap tests are
exact. For this result to hold, we need two conditions:

1. The test statistic 7 is pivotal, which means that its (exact)
distribution does not depend on any unknown parameters.

2. The number of bootstrap samples B is such that a(B + 1) is an
integer, where « is the level of the test.

In such cases a bootstrap test is also called a Monte Carlo test.

The classic one-sample t-test, for example, satisfies the first
condition when the data are independent draws from a population
which is N(u,0?).

The second condition is why you often see choices like B = 999.
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> Most test statistics we encounter in financial econometrics are not
pivotal. Nevertheless, provided they are properly implemented,
bootstrap tests will often work better than asymptotic tests. For
statistics with pivotal limiting null distributions one can in certain
circumstances show that bootstrap methods can deliver a refinement
to the asymptotic approximation (this is a theoretical device to show
that it provides a better approximation to the exact distribution of
the statistic).
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> Most test statistics we encounter in financial econometrics are not
pivotal. Nevertheless, provided they are properly implemented,
bootstrap tests will often work better than asymptotic tests. For
statistics with pivotal limiting null distributions one can in certain
circumstances show that bootstrap methods can deliver a refinement
to the asymptotic approximation (this is a theoretical device to show
that it provides a better approximation to the exact distribution of
the statistic).

» For the bootstrap to be asymptotically valid, we need F*(7) and
F(7) to coincide to first order in large samples. Notice the choice of
B has no bearing on this; it is a property that needs to hold for each
bootstrap statistic. Where F'(7) is not asymptotically pivotal the
bootstrap can still be asymptotically valid though refinements will
not be possible, unless a double bootstrap method is used, in which
case it is possible under certain circumstances.
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Moving on to ...

3. Some Popular Bootstrap Resampling Methods



Some Popular Bootstrap Resampling Methods

» What determines how reliably a bootstrap test performs is how well
the bootstrap DGP mimics the features of the true DGP that matter
for the distribution of the test statistic. The same thing can also be
said for bootstrap confidence intervals and bootstrap standard errors
(not discussed in this presentation).
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» What determines how reliably a bootstrap test performs is how well
the bootstrap DGP mimics the features of the true DGP that matter
for the distribution of the test statistic. The same thing can also be
said for bootstrap confidence intervals and bootstrap standard errors
(not discussed in this presentation).

» For non-dependent data we will first very briefly review the (standard
i.i.d. or) nonparametric bootstrap, the parametric bootstrap, the
pairs bootstrap, the residual bootstrap, and the wild bootstrap.

» Then for dependent data additionally the sieve bootstrap (an
extension of the residual bootstrap), recursive bootstrap, and the
block bootstrap. There are lots of other important bootstraps
around, but we cannot cover them all!

> Also, we will consider the issue of whether to use restricted or
unrestricted parameter estimates in constructing the bootstrap data.
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Nonparametric (i.i.d.) and Parametric Bootstraps

» The nonparametric (or i.i.d.) bootstrap samples T points from the
original data sample, denoted {y1, ..., yr}, with replacement. The
selected data points are chosen as random and independent draws
from a given distribution, usually (though not necessarily) assigning
equal probability to each data point; ie draws from a uniform
distribution over {1,...,T'}. The statistic of interest can then be
calculated from the bootstrap sample. If this is done B times we can
obtain the EDF of the bootstrap statistic.
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» The nonparametric (or i.i.d.) bootstrap samples T points from the
original data sample, denoted {y1, ..., yr}, with replacement. The
selected data points are chosen as random and independent draws
from a given distribution, usually (though not necessarily) assigning
equal probability to each data point; ie draws from a uniform
distribution over {1,...,T'}. The statistic of interest can then be
calculated from the bootstrap sample. If this is done B times we can
obtain the EDF of the bootstrap statistic.

> For hypothesis testing, consider again the one-sample ¢-test where
the data are i.i.d. draws from N(j,?). Suppose we wish to test the
null hypothesis that the population mean is some value g. The
t-statistic is given by: -

_ ¥ — o
6/NT

where 7 and 2 are the sample mean and sample variance of the

original sample, respectively.

t
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» There are two ways to i.i.d. bootstrap this hypothesis test.

19/73



» There are two ways to i.i.d. bootstrap this hypothesis test.

1. Calculate the i.i.d. bootstrap sample, as above, denoted {y],..., v} }.
Calculate the bootstrap t-statistic t* = (§* — 4)/(6*/v/T). Repeat
this B times to form the estimated EDF. Notice we centre t* on §
because that is the “true value” in the bootstrap universe.
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» There are two ways to i.i.d. bootstrap this hypothesis test.

1. Calculate the i.i.d. bootstrap sample, as above, denoted {y],..., v} }.
Calculate the bootstrap t-statistic t* = (§* — 4)/(6*/v/T). Repeat
this B times to form the estimated EDF. Notice we centre t* on §
because that is the “true value” in the bootstrap universe.

2. Create the i.i.d. bootstrap sample from the data which are centred
under the restriction of the null hypothesis: {y; — uo, ..., y7 — 1o}
Then calculate the bootstrap t-statistic t* = 5*/(6*/+/T). Repeat
this B times to form the estimated EDF.
> Both are easy enough to calculate, but in more complicated settings
it is often preferable to use a restricted approach where we impose
the null hypothesis on the bootstrap DGP.
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> Notice that the original data points will most likely not appear with
equal frequency, taken across the B bootstrap samples. If we want
this to be the case and here the permutation bootstrap can be used.
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> Notice that the original data points will most likely not appear with
equal frequency, taken across the B bootstrap samples. If we want
this to be the case and here the permutation bootstrap can be used.

» The bootstrap also allows us to simulate other quantities. For
example we might be interested in the sample median, § say, not the
sample mean, and want an estimate of the standard error of the
sample median. This quantity depends on the underlying
distribution, but can be easily estimated using the i.i.d. bootstrap as
(the square root of)

B
B~ (i - 9)°
7j=1

where §* is the sample median of the data generated in bootstrap
sample j, with the bootstrap data generated by scheme 1 above.
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» The standard ¢ test which compares the ¢ statistic given above to
critical values from the ¢ distribution is an exact test of the null
hypothesis that the mean of the population is o. This result rests
on the assumption the data are (independent) draws from a Gaussian
population. If untrue, the ¢-test won't be correctly sized (it will reject
the null hypothesis either more often (giving a oversized test) or less
often (undersized test) than the specified significance level, «).
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critical values from the ¢ distribution is an exact test of the null
hypothesis that the mean of the population is o. This result rests
on the assumption the data are (independent) draws from a Gaussian
population. If untrue, the ¢-test won't be correctly sized (it will reject
the null hypothesis either more often (giving a oversized test) or less
often (undersized test) than the specified significance level, «).

» The nonparametric bootstrap, however, does not assume the data
are Gaussian and will still deliver an exact test (under the conditions
stated earlier). It is therefore considerably more robust.

> If we were sure the data were Gaussian we could also use the
parametric bootstrap. Here the bootstrap data, y/, t =1,...,T, are
generated as independent draws from a N (0, 62) distribution and the
bootstrap t-statistic t* = 5* /(6% /v/T) is calculated. Again done B
times to form the estimated EDF. Notice, that this is basically a
Monte Carlo simulation of the distribution of the original statistic.
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Regression-based Bootstraps

» Consider the usual Classic Linear Regression Model (CLRM),
ye = XS + w, E(u| X¢) =0, Eus,ur) =0,Vs #t (1)

where X is a k-vector of (exogenous) regressors and 3 is a k-vector.
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» Consider the usual Classic Linear Regression Model (CLRM),
ye = XS + w, E(u| Xt) =0, Eus,ur) =0,Vs #t (1)

where X is a k-vector of (exogenous) regressors and 3 is a k-vector.
> Assume, for the present, that the u; are [ID with variance o2.
» The (fixed regressor) residual bootstrap resamples from the residuals
(usually Ordinary Least Squares, OLS) from estimating (1). The

bootstrap DGP is y; = X3 + u;, where u] are i.i.d. resampled from
the (often rescaled and centred) OLS residuals, ;.

> A (fixed regressor) parametric residual bootstrap draws the u} as eg
NIID(0,s?), s* the OLS variance estimate from (1).

> To perform hypothesis tests on the elements of 3 it is simplest to
use a restricted estimate of 3 that imposes the restriction(s)
imposed by the null hypothesis, 3 say, in the bootstrap DGP.
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> The residual bootstrap imposes independence of the bootstrap
errors, u;, from the regressors. This of course implies (but is much
stronger than) the conditional mean restriction on the CLRM holds.
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» The residual bootstrap is invalid if u; is not i.i.d. If the u; are
independent but possibly heteroskedastic then the (fixed regressor)
wild bootstrap of Wu (1986) can be validly used. Here the bootstrap
DGP is y; = Xt,é + 4 where 4f = Uy X wy, where the w;'s are a
sequence of independent random variables with mean zero and
variance 1.

» Examples used for w; include NI1D(0,1), and independent draws
from the Rademacher distribution, which takes either the value 1 or
—1, each with probability 0.5.
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The residual bootstrap imposes independence of the bootstrap
errors, u;, from the regressors. This of course implies (but is much
stronger than) the conditional mean restriction on the CLRM holds.

The residual bootstrap is invalid if u; is not i.i.d. If the u; are
independent but possibly heteroskedastic then the (fixed regressor)
wild bootstrap of Wu (1986) can be validly used. Here the bootstrap
DGP is y; = Xt,é + 4 where 4f = Uy X wy, where the w;'s are a
sequence of independent random variables with mean zero and
variance 1.

Examples used for w; include NIID(0,1), and independent draws
from the Rademacher distribution, which takes either the value 1 or
—1, each with probability 0.5.

The choice of distribution for w; can be important for the finite
sample accuracy of the bootstrap. It is less relevant in large samples
though in some cases further restrictions, such as symmetry, need to
be imposed for validity.

23/73



> Like the residual bootstrap, the wild bootstrap generates bootstrap
errors, U, which are conditionally (on the regressor matrix X) mean
zero, and so the bootstrap pairs (y;, X;) satisfy a linear regression
with the “true” coefficient 3.
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> Like the residual bootstrap, the wild bootstrap generates bootstrap
errors, U, which are conditionally (on the regressor matrix X) mean
zero, and so the bootstrap pairs (y;, X;) satisfy a linear regression
with the “true” coefficient 3.

» But unlike the residual bootstrap, the conditional variance of 4}
equals 42; ie the wild bootstrap errors will, on average, have about
the same variance as the u; - i.e. the wild bootstrap does not impose
independence between 4} and the regressors.

> An interesting property of the wild bootstrap is that it annihilates
any (weak) correlations present in the data set(s) it is applied to,
because of the independence of the w;'s. This can be either a
blessing or a curse as we will see.
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» The wild bootstrap also imposes the conditional mean restriction of
the CLRM. An alternative, which allows for some forms of
heteroskedasticity, is the pairs bootstrap of Freedman (1981). Here
we re-sample the data and not the residuals. Using the
nonparametric bootstrap we re-sample the pairs (y;, X;) from
{(ys, X¢)}L_,. Generally inaccurate as does not condition on X and
so it does not impose the conditional mean assumption, which
obviously holds on the original data.
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Bootstrap Methods For Dependent Data

» All of the bootstrap DGPs that have been discussed so far treat the
error terms (or the data, in the case of the pairs bootstrap) as
independent. When that is not the case, these methods are not
appropriate. In particular, resampling (whether of residuals or data)
breaks up whatever dependence there may be and is therefore
unsuitable for use when there is dependence.
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» All of the bootstrap DGPs that have been discussed so far treat the
error terms (or the data, in the case of the pairs bootstrap) as
independent. When that is not the case, these methods are not
appropriate. In particular, resampling (whether of residuals or data)
breaks up whatever dependence there may be and is therefore
unsuitable for use when there is dependence.

» Numerous bootstrap DGPs for dependent data have been proposed.
The two most popular approaches are the sieve bootstrap and the
block bootstrap. The former attempts to model the dependence
using a parametric model. The latter resamples blocks of consecutive
observations instead of individual observations. They can be
appropriately combined with the methods discussed before such as
the wild bootstrap.
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The Sieve Bootstrap

» Suppose that the error terms u; in (1) follow a weakly stationary
process with (conditionally) homoskedastic innovations. The sieve
bootstrap attempts to approximate this process, generally by using
an AR(p) process with p chosen either by some sort of model
selection criterion (eg BIC) or by sequential testing. Technically, the
sieve bootstrap imposes a rate condition on p so that it increases
with the sample size, T. If p is fixed (but not necessarily known), the
sieve bootstrap is sometimes called a recoloured bootstrap.
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» Suppose that the error terms u; in (1) follow a weakly stationary
process with (conditionally) homoskedastic innovations. The sieve
bootstrap attempts to approximate this process, generally by using
an AR(p) process with p chosen either by some sort of model
selection criterion (eg BIC) or by sequential testing. Technically, the
sieve bootstrap imposes a rate condition on p so that it increases
with the sample size, T. If p is fixed (but not necessarily known), the
sieve bootstrap is sometimes called a recoloured bootstrap.

> The first step is to estimate the model (1), preferably imposing the
null hypothesis if one is to be tested, to obtain residuals i;. The
next step is to estimate the AR(p) model

p
Uy = Z Qitliy—; + €t (2)
i=1

make some choice of p, then estimate the AR by either OLS or
Yule-Walker (the latter ensures the fitted model satisfies stationarity

conditions).
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> The bootstrap errors are then generated recursively by the equation
p ~
uf = by + e}, (3)
i=1

where the ¢; are the estimated parameters from (2), and the e} are
resampled from the (possibly rescaled) associated residuals, say é;.
This could be eg i.i.d. or wild resampling.
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> The bootstrap errors are then generated recursively by the equation

p
uf = by + e}, (3)

i=1

where the ¢; are the estimated parameters from (2), and the e} are
resampled from the (possibly rescaled) associated residuals, say é;.
This could be eg i.i.d. or wild resampling.

» Usually initialised at zero. With i.i.d. resampling the recursion can be
started (possibly well) before ¢ =1 to allow the DGP to “warm in".

» The final step is to generate the bootstrap data by the equation
yi = XiB+u;

The regression parameters 3 could be estimated by OLS or a more
efficient method such as GLS, as long as the method is consistent
under the null hypothesis.
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» Gongalves and Killian (2004) look at the large sample behaviour of
bootstrap tests and confidence intervals based on the AR parameters
when p is known and finite.
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» Gongalves and Killian (2004) look at the large sample behaviour of
bootstrap tests and confidence intervals based on the AR parameters
when p is known and finite.

» Gongalves and Killian (2007) extend this to the case where p is a
function of T', which allows wu; to follow a very general linear process,
including stationary and invertible ARM A(p, q) processes.

» In these papers Gongalves and Killian demonstrate that if the e} in
(3) are obtained by i.i.d. resampling, then the sieve bootstrap is
invalid when w; is conditionally heteroskedastic (eg GARCH),
because even the large sample distributions of estimators of the AR
coefficients depend on nuisance parameters arising from the
conditional heteroskedasticity, which the bootstrap does not
replicate. BIG problem for eg finance applications then!
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> Gongalves and Killian demonstrate the (asymptotic) validity of the
recursive-design wild bootstrap (as outlined above with wild
bootstrap resampling), as well as for a related fixed-design wild
bootstrap, and for the pairs bootstrap.
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> Gongalves and Killian demonstrate the (asymptotic) validity of the
recursive-design wild bootstrap (as outlined above with wild
bootstrap resampling), as well as for a related fixed-design wild
bootstrap, and for the pairs bootstrap.

» These methods will then, not surprisingly, be very useful for testing
applications in macroeconometrics and financial time series
econometrics, as we will shortly see with some leading examples.
Each is designed to highlight particular problems with obtaining a
valid bootstrap bootstrap implementation and how these are solved.
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» In the methods just given, if we use the wild bootstrap to generate
the e}, then this is the recursive-design wild bootstrap. For the
fixed-design wild bootstrap the errors are instead generated by the

equation (same e;’s are used)

p
* n *
u; = E ditt—; + e

i=1
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» In the methods just given, if we use the wild bootstrap to generate
the e}, then this is the recursive-design wild bootstrap. For the
fixed-design wild bootstrap the errors are instead generated by the
equation (same e;’s are used)

p
* n *
up = E Qi + €3

i=1

> In the pairs bootstrap, at each point in time we sample the tuples
(Yt Yt—1, ---Yt—p) to give (yi,y; 1,..-y;_p), and then stack the T
such draws together.

» Gongalves and Killian show that the recursive-design method requires
slightly stronger regularity conditions for validity than the other two
methods, but displays the best finite sample accuracy of the three.
Because of this, it is much more widely used than the other two.
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» The bootstrap can also be used to estimate (and, hence, correct for)
the finite sample bias in estimating the AR slope coefficients. Can be
done with either the bootstrap-after-bootstrap or the double
bootstrap. Put simply, one uses a second bootstrap to estimate the
bias in estimation in the bootstrap DGP where the AR parameters
are ‘known'. Then apply this estimated discrepancy as a bias
correction to the original estimates.
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The Block Bootstrap

» Block bootstrap methods, originally proposed by Kiinsch (1989),
divide the quantities that are being resampled, which might be either
rescaled residuals or [y, X pairs, into blocks of m consecutive
observations. The blocks, which may be either overlapping or
nonoverlapping and may be either fixed or variable in length, are
then resampled. It appears that the best approach is to use
overlapping blocks of fixed length; see Lahiri (1999). This is called
the moving-block bootstrap.
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» Block bootstrap methods, originally proposed by Kiinsch (1989),
divide the quantities that are being resampled, which might be either
rescaled residuals or [y, X pairs, into blocks of m consecutive
observations. The blocks, which may be either overlapping or
nonoverlapping and may be either fixed or variable in length, are
then resampled. It appears that the best approach is to use
overlapping blocks of fixed length; see Lahiri (1999). This is called
the moving-block bootstrap.

» In theory block bootstrap methods can handle weak dependence and
conditional heteroskedasticity in the model but their finite-sample
performance is often not very good. Finite sample performance also
very strongly dependent on the choice of block length. Moreover,
since they do not impose the null hypothesis, any test statistic must
be adjusted so that it is testing a hypothesis that is true for the
bootstrap DGP.
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Moving on to ...

4. Application 1: Unit Root Testing



Application 1: Unit Root Testing

| 2

>

As we saw in Topic RT1, the so called sieve methods have been
proposed in the context of augmented Dickey-Fuller [ADF] tests.

Recall that we obtain the ADF t-ratio from the ADF regression (d; is
the deterministic term):

k1

Ay =dy+yy1+ Y df Ay, + error, (4)
=1

where kr — 00 as T' — oo with (k7)3/T — 0 as T — oo.

The ADF limiting null distribution can however be a very poor
approximation to the finite sample null distribution of the sieve-based
ADF statistic. This is therefore a case where a bootstrap
implementation might be useful to obtain unit root tests with better
finite sample properties.
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Park (2003) for the AR(p) case and Chang and Park (2003) for the
AR(00) (sieve) case show how to develop valid bootstrap
implementations of the ADF tests. Both use what is called an /.i.d.
residual bootstrap approach.

Recall: Given a set of sample data, say {z1,...,zp}, the i.i.d.
bootstrap samples T" points from {x1, ..., z7} with replacement. The
selected data points are chosen as random and independent draws
from a given distribution, usually (though not necessarily) assigning
equal probability to each data point; ie draws from a uniform
distribution over {1,...,T'}.

A residual i.i.d. bootstrap applies the same resampling principle to a
set of regression residuals.

The statistic of interest is then calculated from the bootstrap
sample. If this is done B times we can obtain the empirical
distribution function [EDF] of the bootstrap statistic.
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Chang and Park (2003) Sieve Bootstrap ADF Test

» Step 1: Calculate the ADF statistic, tapr, from (4) satisfying
S&D'’s rate condition on kr.
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>

Step 1: Calculate the ADF statistic, tspp, from (4) satisfying
S&D'’s rate condition on kr.

Step 2: Imposing Hy, define e, = Ayt Then estimate (OLS or YW)
the sieve regression, e; = d; + Z T, jei—j + up, 4, to obtain the

restricted estimates ¢], j=1,....,kp, and the residuals, ;.
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Step 5: Impose H on the bootstrap DGP by cumulating the ¢ef's; ie
yr =y + 2221 e, with yg set to eg zero.
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Step 2: Imposing Hy, define e, = Ayt Then estimate (OLS or YW)
the sieve regression, e; = d; + Z T, jei—j + up, 4, to obtain the

restricted estimates qﬁj, j=1,....,kp, and the residuals, ;.

Step 3: i.i.d. resample from the (centred) residuals, @; — @, to get
bootstrap residuals, u;.

Step 4: Recursively generate ef = 2521 qgje;;j + uy, setting
pre-sample values to eg zero.

Step 5: Impose H on the bootstrap DGP by cumulating the ¢ef's; ie
yr =y + 2221 e, with yg set to eg zero.

Step 6: Calculate the bootstrap analogue of t spr in (4) applied to
Yi -

Step 7: Perform Steps 2-6 B times to form the estimated bootstrap
EDF. Obtain bootstrap p-value.
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» C&P Demonstrate the asymptotic validity of their sieve bootstrap
unit root test. However, they impose that the shocks, u; are i.i.d.
Their bootstrap is still valid with conditionally heteroskedastic errors,
but won't replicate such effects in the bootstrap data.

» Their bootstrap is not, in general, valid if there is unconditional
heteroskedasticity present in u;. This is often called non-stationary
volatility. A simple example occurs where the variance of &; in (9)
displays a one-time break at some point in the sample.

» Although C&P argue that their sieve bootstrap loses no power
relative to the test based on asymptotic critical values, their own
simulations show large power losses relative to the standard ADF test
under Hy. This occurs because Step 2 imposes Hy on the sieve
stage. Under H1, e; is non-invertible, violating the conditions for
sieve validity.
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Cavaliere and Taylor (2008) address these problems proposing wild
bootstrap ADF tests.

Recall: With an original set of sample data, say {x1,...,x7}, the
wild bootstrap data is given by =} = z; x w;, where the w;'s are a
sequence of independent random variables with mean zero and
variance 1. Examples used for w; include NI1D(0,1), and
independent draws from the Rademacher distribution, which takes
either the value 1 or —1, each with probability 0.5.

Again the wild bootstrap resampling scheme can also be applied to

regression residuals.
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Cavaliere and Taylor (2008) Wild Bootstrap ADF Test

» Step 1: Calculate the ADF statistic, t4pp, from (4), for some lag
length k.
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Cavaliere and Taylor (2008) Wild Bootstrap ADF Test

» Step 1: Calculate the ADF statistic, t4pp, from (4), for some lag
length k.

> Step 2: (Optional): Estimate (4) to obtain the estimates ¢;,
j=1,..k

> Step 3: Wild bootstrap resample from the first differences, e; = Ay,
to get bootstrap residuals, u; = e; X wy.

> Step 4: (Optional) Recursively generate e} = Z?Zl gije;f_j + uf,
setting pre-sample values to eg zero.

» Step 5: Impose Hy on the bootstrap DGP by cumulating the uy's; ie
yi =y + Z;izl uj, with eg yj set to zero [replace uj by ej if Step
4 is performed].

» Step 6: Calculate the wild bootstrap analogue of t4pp in (4) applied
to y;.

» Step 7: Perform Steps 2-6 B times to form the estimated bootstrap
EDF. Obtain bootstrap p-value.
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Because the wild bootstrap kills weak correlations, there’'s no need to
perform the sieve element for asymptotic validity, unlike with C&P’s
bootstrap. But including a sieve stage can improve finite sample size.
Indeed k can be set to zero in the bootstrap version of (4) in Step 6
if the sieve stage is omitted.

Notice that C&T do not impose Hy when performing the (optional)
sieve and, as a result, C&T’s wild bootstrap ADF tests avoid the
power losses seen with C&P’s tests.

C&T show that the wild bootstrap statistic, ¢* ,, say, has the same
first order limiting distribution as the limiting null distribution of
tapr under null, local and fixed alternatives. Hence, behaves like an
infeasible size-corrected ADF test.

C&T in various subsequent papers (eg Econometric Theory, 2009,
and Econometric Reviews, 2009) show that the bootstrap ADF tests
perform very well in the presence of both conditional
heteroskedasticity and unconditional heteroskedasticity of many
forms (eg volatility breaks, trending volatility, IGARCH, AR-SV,
various GARCH -type models).
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Moving on to ...

5. Application 2: Testing for Bubbles



Application 2: Testing for Bubbles

» Recall from Topic RT2 that Phillips et al. (2011) (PWY), focus on
testing the null hypothesis of a fixed unit root across the whole
sample against the alternative of explosive autoregressive behaviour
in some subset of the sample using the supremum of a set of forward
recursive (ie sequences of sub-samples) right-tailed (A)DF tests
applied to the price and dividend series. If the test finds explosive
autoregressive behaviour for the prices but not for the dividends, this
indicates that an explosive rational bubble exists.
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» Recall from Topic RT2 that Phillips et al. (2011) (PWY), focus on
testing the null hypothesis of a fixed unit root across the whole
sample against the alternative of explosive autoregressive behaviour
in some subset of the sample using the supremum of a set of forward
recursive (ie sequences of sub-samples) right-tailed (A)DF tests
applied to the price and dividend series. If the test finds explosive
autoregressive behaviour for the prices but not for the dividends, this
indicates that an explosive rational bubble exists.

» PWY implement their test based on finite sample Monte Carlo
critical values assuming Gaussian 11D innovations. Harvey,
Leybourne, Sollis and Taylor (2016) [HLST] propose wild bootstrap
implementations of the PWY test which allow for nonstationary
volatility in the innovations.
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Bubble DGP

> As we saw in Topic RT2, in its simplest form, the bubble DGP of
PWY is of the form:

Yt = W+ uy (5)
Ut—1 + €¢, t=2,.. LTl,OTJa

u =< (140w +e, t=[rol|+1,..[m0T],
ut—1 + E¢, t=|mol] +1,..,T

where 51,T > 0.

» When 61,7 > 0, y; follows a unit root up to time |71 07|, after
which it displays explosive AR behaviour over
t=|1,0T|+1,.., [m20T]. When applied to asset prices, and
assuming unit root behaviour in the corresponding dividend series,
this can be interpreted as a bubble regime.

> At the end of the bubble period, y; reverts to unit root dynamics.
The DGP admits a bubble regime continuing to the end of the
sample period if 759 = 1.
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» The null hypothesis, Hy, is that no bubble is present in the series
and y; follows a unit root process throughout the sample period, i.e.
Hy : 017 = 0. The alternative hypothesis is given by Hy : 417 > 0,
and corresponds to the case where a bubble is present in the series,
which either runs to the end of the sample (if 759 = 1), or
terminates in-sample.
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» The null hypothesis, Hy, is that no bubble is present in the series
and y; follows a unit root process throughout the sample period, i.e.
Hy : 017 = 0. The alternative hypothesis is given by Hy : 417 > 0,
and corresponds to the case where a bubble is present in the series,
which either runs to the end of the sample (if 759 = 1), or
terminates in-sample.

> To test Hy against Hy, PWY propose a test based on the supremum
of recursive right-tailed (A)DF tests.
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> For serially uncorrelated ¢;, the PWY statistic is

PWY = sup DF;

T€[70,1]

where DF; is the standard DF statistic, ie the t-ratio for ¢, = 0 in
the fitted OLS regression

Ay = 6+ oy + & (6)
calculated over the sub-sample t = 1,..., [7T], i.e.
or
A T _
Vor/ S s - 90)?

where . = (|7T| — 1)~} th? y—1 and
o2 = (77| -3) ' o &

DF . =
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> The PWY statistic is therefore the supremum of a sequence of
forward recursive DF statistics with minimum sample length |77"|.
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The PWY statistic is therefore the supremum of a sequence of
forward recursive DF statistics with minimum sample length [797"].

PWY assume that &; in (5) is i.i.d. or an AR(p) driven by i.i.d.
innovations.

Many studies find evidence of structural breaks in the unconditional
variance of asset returns, often with the breaks linked to major
financial and macroeconomic crises such as the 1970s oil price
shocks, the East Asian currency crisis in the late-1990s, the dot-com
crash in 2001 and the global financial crisis in 2008-20009.
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PWY assume that &; in (5) is i.i.d. or an AR(p) driven by i.i.d.
innovations.

Many studies find evidence of structural breaks in the unconditional
variance of asset returns, often with the breaks linked to major
financial and macroeconomic crises such as the 1970s oil price
shocks, the East Asian currency crisis in the late-1990s, the dot-com
crash in 2001 and the global financial crisis in 2008-20009.

Apparent volatility changes in asset returns could be induced by the
presence of a speculative bubble, and the converse could also be
true. It is therefore critically important to have available a reliable
method for detecting an explosive period in a series that is robust to
the potential presence of nonstationary volatility, particularly if the
evidence is to be used to inform future monetary policy.
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> HLST show that nonstationary volatility leads to a non-pivotal null
limiting distribution for the PWY test. Simulations for various
common patterns of nonstationary volatility show that the PWY test

can be badly over-sized.
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> HLST show that nonstationary volatility leads to a non-pivotal null
limiting distribution for the PWY test. Simulations for various
common patterns of nonstationary volatility show that the PWY test
can be badly over-sized.

» HLST propose a wild bootstrap, applied to the first differences of the
data to replicate in the bootstrap DGP the pattern of nonstationary
volatility present in the original innovations.
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Wild Bootstrap PWY Algorithm

» Step 1. Generate T bootstrap innovations c;, as follows: €] =0,

ef = w Ay, t =2,..., T, where {w;}L_, isa NIID(0,1) sequence.

> Step 2. Construct the bootstrap sample as the partial sum

> Step 3. Compute the bootstrap test statistic

PWY* = sup DFX
T€[70,1]

where DF* is the t-ratio on ¢* in the fitted OLS regression
Ay; =& + dry; 1 + &

calculated over the sub-sample period t =1, ..., 7T, ie.
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Wild Bootstrap PWY Algorithm

o
Vor/ S - )

where 5 = (|7T] — 1)~ S17 i, and
~ % TT| Ax
622 = (|rT| - 3) Ll &2,

*
> Step 4. Bootstrap p-values can then be computed in the usual way

by repeating Steps 1-3 B times.

DF* =
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» HLST show that the wild bootstrap PWY statistic shares the same
first-order (non-pivotal) limiting null distribution as the original PWY
statistic within a broad class of nonstationary volatility processes.
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HLST show that the wild bootstrap PWY statistic shares the same
first-order (non-pivotal) limiting null distribution as the original PWY
statistic within a broad class of nonstationary volatility processes.

HLST's bootstrap PWY tests achieve the asymptotic power function
of (infeasibly) size-corrected variant of the original PWY statistic,
under locally explosive alternatives.

Under fixed magnitude explosive alternatives the booststrap PWY
statistic diverges with the sample size, T, but at a slower rate that
does the original PWY statistic and hence the bootstrap PWY is still
consistent.

It is often believed that a bootstrap statistic must replicate the
limiting null distribution of the statistic under both the null and
alternative to be valid and consistent, but this is not the case!

Same bootstrap principle can be applied to the Phillips, Shi and Yu
(2014) (PSY) test.
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Moving on to ...

6. Application 3: Predictive Regressions for Returns



Application 3: Predictive Regressions for Returns

Recall the basic predictive regression set up from Topic RT3:
Yy = a+Bri1+w

where

(¢ — pe) = p(Te—1 — pz) + vy,

with (ug, v¢)" ~ iid(0, X) where, in the simplest case,

mon(( ) o0)=(22 %)

Null hypothesis: ;1 does not predict v, i.e.

Hoi BZO
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» Under endogeneity - where the shocks u; and v, are correlated (so
that 0 := oy /00, # 0) - and high persistence (where
p=1—1¢/T) we saw in Topic RT3 that the estimator of 3 from
estimating (7) by OLS is biased and that the corresponding
regression t-statistic for testing 8 = 0 does not have a standard
normal limiting null distribution; in particular this limiting
distribution depends on both ¢ and ¢, whenever neither is zero.
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» Under endogeneity - where the shocks u; and v, are correlated (so
that 0 := oy /00, # 0) - and high persistence (where
p=1—1¢/T) we saw in Topic RT3 that the estimator of 3 from
estimating (7) by OLS is biased and that the corresponding
regression t-statistic for testing 8 = 0 does not have a standard
normal limiting null distribution; in particular this limiting
distribution depends on both ¢ and ¢, whenever neither is zero.

> We saw in Topic RT3 that a popular solution to this is the VX
estimation method of Kostakis et al. (2015) [KMS]. This delivers a
regression t-statistic for 5 = 0 which has a standard normal limiting
null distribution.

54 /73



» Recall that in the IVX approach of KMS we make use of the the
mildly integrated IVX instrument:

t—1

214 = Z ngxt_j =(1- QL)J_F1 Axy, t=1,...,T
§=0

setting 270 = 0, and where p =1 — a7~ with 4 € (0,1) and a > 0.
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» Recall that in the IVX approach of KMS we make use of the the
mildly integrated IVX instrument:

t—1

214 = Z ngxt_j =(1- gL);l Axy, t=1,...,T
§=0

setting 270 = 0, and where p =1 — a7~ with 4 € (0,1) and a > 0.
> KMS develop IV-based tests using this instrument for x;. They allow
uy to follow a serially uncorrelated GARC H (p, q) process and v; to

be a linear process driven by general (conditionally heteroskedastic)
martingale difference [MD] innovations.
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» The IVX-based t-ratio of KMS for testing Hyp : 3 =0 in (7)
instruments the endogenous predictor x; 1 with the IVX instrument
2rt—1, and is given by

/@Zf
s.e.(Bzz)

where 3., is the IVX estimator of £,

Sz (g — 9)

S 2o (w1 — 1)

with § = T! Zthl ypand 2 =T ! Zthl Z¢_1, and s.e.(Bzx) is
its standard error (White standard error if we allow for conditional
heteroskedasticity) formed from the OLS residuals from estimating

(7).

(9)

lyr =

Bzx =

(10)
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» Although ¢., in (9) has a standard normal limiting null distribution
regardless of the degree of persistence or endogeneity present in the
DGP, the asymptotic approximation this provides can still be very
poor in finite samples. So bootstrap implementations seem worth
exploring.

» Demetrescu, Georgiev, Rodrigues and Taylor (2023a) [DGRT] explore
two bootstrap resampling schemes. The first, a residual wild
bootstrap [RWB]. The second is a fixed regressor wild bootstrap
[FRWB]. DGRT show that both are first-order asymptotically valid.
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» DGRT show that these allow one to replace the GARCH(1,1)
assumption on u; with a much more general bivariate MD
assumption on the two innovations. Moreover, non-stationary
volatility in each innovation can be allowed, and the endogeneity
correlation, ¢, can even be allowed to vary over time.

58 /73



» DGRT show that these allow one to replace the GARCH(1,1)
assumption on u; with a much more general bivariate MD
assumption on the two innovations. Moreover, non-stationary
volatility in each innovation can be allowed, and the endogeneity
correlation, ¢, can even be allowed to vary over time.

» DGRT show that these bootstraps also allow for valid subsample
implementation of the IVX tests of KMS (pockets of predictability)
that we also discussed in Topic RT3. These have non-pivotal limiting
null distributions which depend in a complex way on nuisance
parameters arising from both the serial correlation and
heteroskedastic aspects of the DGP, and constructing an asymptotic
test is not even feasible.
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A Residual Wild Bootstrap

1. Fit the predictive regression (7) to the sample data (y;, z¢+—1)" to
obtain the residuals 44, t =1, ..., T.

2. Fit by OLS an autoregression of order p + 1 to zy; viz,

p+1
Tt — m+ E dja:f_] + ﬁt
Jj=1

and compute the OLS residuals 0y, t =p+1,...,T. Set 0y = 0 for

t=1,...,p.
3. Generate bootstrap innovations (u},v})" = (wyily, wedy)’,
t=1...,T, where wy, t =1,...,T, is a scalar i.1.d.(0, 1) sequence

with E(w}) < oo, which is independent of the sample data.
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4 Define the bootstrap data (y;, z;_;)" where y; = uj (so that the
null hypothesis is imposed on the bootstrap y;) and where z is
generated according to the recursion

p+1
xp = Zdjczz;;j +of, t=1,...,T
=1
with initial conditions 2§ = ... =2 , = 0. Create the associated
bootstrap IVX instrument, 2}, as:
t—1
25 =0 and 2z :ZQ]AQ:Z‘_J-, t=1,...,T,
J=0

where ¢ is the same value as used in constructing the original IVX
instrument, z;.

5 Using the bootstrap sample data, (y;",x;"_l,z;‘_l)/, in place of the
original sample data, (y;, 21, 2_1)", construct the bootstrap
analogues of the IVX statistics.
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A Fixed-Regressor Wild Bootstrap

1. Construct the wild bootstrap innovations y; = g;wy, where
Ut = Y — %Zle y; are the demeaned sample observations on ;.

2. Using the bootstrap sample data (yf,azt,l,z,ﬁ_l)/, in place of the
original sample data (yt,:vt,l,zg_l)/, construct the bootstrap
analogues of the IVX statistics.
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Key Differences?

> A key difference between the RWB and FRWB surrounds the
generation of the bootstrap analogue data for x; and z;. While the
RWB rebuilds into the bootstrap data (an estimate of) the
correlation between the innovations u; and v; (it is crucial in doing
so that the same Ry is used to multiply both @; and ¢;), the FRWB
does not. This is an important distinction because the finite sample
behaviour of the IVX statistics is heavily dependent on the
correlation between u; and v; when x; is strongly persistent.
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Key Differences?

> A key difference between the RWB and FRWB surrounds the
generation of the bootstrap analogue data for x; and z;. While the
RWB rebuilds into the bootstrap data (an estimate of) the
correlation between the innovations u; and v; (it is crucial in doing
so that the same Ry is used to multiply both @; and ¢;), the FRWB
does not. This is an important distinction because the finite sample
behaviour of the IVX statistics is heavily dependent on the
correlation between u; and v; when x; is strongly persistent.

> A further difference is that because the RWB uses the bootstrap data
x; and z[, one is implicitly using an estimate of p. Under strong
persistence ¢, cannot be consistently estimated and so x} will not be
generated with the same local-to-unity parameter as z;. However,
the IVX statistics instrument x;_1 by z;_1, and their bootstrap
analogues instrument x7_; by z;_ ;. But both z; and 2/ are, by
construction, mildly integrated processes, regardless of the value of c.
There is therefore no necessity for the estimate of ¢ to be consistent.

62/73



Monte Carlo Results from DGRT |

Case 1: Empirical Size: Scalar Predictor, IID errors

>
>
>

DGP (7)-(8) with = 0. Set a = p; =0, w.n.l.o.g.
p:=1—¢/T with ¢ € {-0.5,-0.25,0,2.5,5,10, 25, ..., 250}

(ut,vt)" is zero-mean |ID bivariate Gaussian with covariance matrix

1 4
E'_[é 1]and<5——0.95

IVX with a = 1, v = 0.95, and KMS's finite-sample correction

Report: taIWB and ¢V (RWB and FRWB implementations of
t.e); tEW (asymptotic IVX test with conventional ses) and .,

1Yz

(asymptotic IVX test with White ses)

T = 250, 10000 MC replications, 999 bootstrap replications.
Nominal 5% level. In Step 2 of RWB p chosen by BIC over the
search set p € {0, ..., [4(T/100)%2°]}.
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Table 1: Size of Left-sided Tests
Gaussian |ID innovations

c z;rRWB z;rFRWB tfrw tow
-5 0.046 0.004 0.004 0.003
-2.5 0.045 0.000 0.000 0.001
0 0.041 0.001 0.001 0.001
25 0.062 0.005 0.005 0.005
5 0.068 0.010 0.011 0.010
10 0.064 0.019 0.019 0.018
25 0.057 0.029 0.030 0.028
50 0.056 0.034 0.036 0.035
75 0.056 0.037 0.038 0.037
100 0.054 0.038 0.040 0.038
125 0.054 0.039 0.042 0.041
150 0.055 0.043 0.046 0.042
200 0.054 0.046 0.048 0.045
250 0.054 0.048 0.0561 0.048
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Table 2: Size of Right-sided Tests
Gaussian |ID innovations

c z;rRWB z;rFRWB tfrw tow
-5 0.046 0.074 0.080 0.073
-2.5 0.041 0.094 0.097 0.093
0 0.053 0.105 0.114 0.110
25 0.064 0.112 0.116 0.115
5 0.062 0.107 0.116 0.112
10 0.062 0.097 0.102 0.099
25 0.057 0.078 0.084 0.080
50 0.052 0.067 0.072 0.067
75 0.053 0.064 0.068 0.065
100 0.053 0.061 0.065 0.062
125 0.052 0.060 0.063 0.060
150 0.053 0.056 0.060 0.059
200 0.050 0.054 0.056 0.053
250 0.051 0.051 0.055 0.053
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Table 3: Size of Two-sided Tests
Gaussian |ID innovations

c z;rRWB z;rFRWB tfrw tom
-5 0.048 0.038 0.044 0.039
-2.5 0.038 0.040 0.048 0.044
0 0.047 0.051 0.057 0.053
25 0.053 0.058 0.062 0.060
5 0.054 0.058 0.063 0.060
10 0.055 0.060 0.066 0.060
25 0.056 0.056 0.060 0.058
50 0.051 0.051 0.054 0.052
75 0.049 0.047 0.052 0.049
100 0.049 0.048 0.052 0.050
125 0.050 0.049 0.053 0.051
150 0.051 0.049 0.054 0.052
200 0.050 0.048 0.054 0.050
250 0.049 0.048 0.0563 0.050
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Monte Carlo Results from DGRT Il

Case 2: Empirical Size: Multiple Predictors

> Multiple predictor simulation DGP:

y = a+x,_ 10+ u, t=1,...,T,
Xy = pXi—1+ Vi, t=20,...,T,

where x; 1= (z14,...,xx)" is @ K x 1 vector of predictor variables,
Bis a K x 1 vector of parameters, « = 0.25, pis a K x K diagonal
matrix with common diagonal element p, i.e., p := diag(p, ..., p).

» The AR parameter p is again set equal to 1 — ¢/T with
ce{=5,-25,0,2.5,5,10,25, ..., 250}
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» The innovations are generated as (u¢, v;) ~ NIID(0,X) where

05 Ouwvy 0 0
Ou,v; Ugl o --- 0
-] 0 0 o2 -+ 0 (11)
0 0 0 - oF.
with 02 = 0.037, 0y, = —0.035, 02, = ... = 02, = 0.045.
> Notice, therefore, that the first predictor, z1; is endogenous (with an
endogeneity correlation parameter §; = —0.83), while the remaining

predictors T2, ..., L are exogenous.

» Empirical sizes of the Wald tests for the joint significance of the K
predictors. NB RWB uses obvious VAR generalisation of Step 2.
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Table 4: Size of joint Wald Tests.
K = 3 predictors.

c W;T,:RWB W;ka,;FRWB 11,7 ZE;;:W 147
-5 0.085 0.352 0.385 0.366
-2.5 0.097 0.176  0.193 0.177
0 0.075 0.105 0.117 0.104
2.5 0.067 0.086  0.103 0.090
5 0.059 0.077  0.095 0.083
10 0.054 0.066  0.083 0.071
25 0.052 0.061 0.075 0.066
50 0.053 0.057  0.070 0.061
75 0.053 0.063 0.069 0.058
100 0.051 0.053  0.069 0.057
125 0.052 0.0564 0.070 0.058
150 0.052 0.054  0.069 0.058
200 0.052 0.0565  0.071 0.059
250 0.053 0.065  0.071 0.060
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Table 5: Size of joint Wald Tests.
K =5 predictors.

c W;T,:RWB W;ka,;FRWB 11,7 ZE;;:W 147
-5 0.074 0.402  0.466 0.421
-2.5 0.091 0.239 0.281 0.241
0 0.082 0.157 0.186 0.156
2.5 0.069 0.120  0.156 0.129
5 0.063 0.105 0.138 0.116
10 0.062 0.086  0.120 0.098
25 0.053 0.067  0.100 0.080
50 0.052 0.059  0.089 0.069
75 0.051 0.065 0.085 0.063
100 0.049 0.0563  0.082 0.062
125 0.049 0.063 0.080 0.062
150 0.046 0.0562  0.078 0.061
200 0.047 0.0561  0.079 0.060
250 0.044 0.049  0.077 0.058
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Table 6: Size of joint Wald Tests.
K =10 predictors.

c WZ*'%RWB W;kx,FRWB WZE:EW WZT
-5 0.058 0513 0.635 0.559
-2.5 0.072 0.398 0.505 0.425
0 0.087 0.306 0.406 0.324
25 0.075 0.238  0.342 0.262
5 0.067 0.191  0.301 0.225
10 0.060 0.141  0.244 0.175
25 0.050 0.089  0.174 0.118
50 0.048 0.067 0.142 0.091
75 0.046 0.060 0.129 0.081
100 0.046 0.056  0.120 0.077
125 0.043 0.0563 0.117 0.074
150 0.042 0.0562 0.116 0.071
200 0.039 0.049  0.116 0.070
250 0.036 0.050 0.116 0.072
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Additional References (not given in Topics RT1-RT3)
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