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SUPPLEMENT TO ‘SIEVE-BASED INFERENCE
FOR INFINITE-VARIANCE LINEAR PROCESSES’

GIUSEPPE CAVALIERE, ILIYAN GEORGIEV
AND A.M. ROBERT TAYLOR

S.1. Introduction. This supplement contains additional theoretical re-
sults and proofs for the theory stated in Cavaliere, Georgiev and Taylor
(2015), CGT hereafter. The supplement is organized as follows. Section S.2
provides a lemma with two tail inequalities regarding the series of the co-
efficients from the AR(00) representations. Section S.3 reports the proof of
Lemma 2 and corollaries from Section 6 in CGT. Section S.4 contains proofs
of the results given in Section 7.3.1 of CGT. Finally, Section S.5 discusses
the case of multiple restrictions.

S.2. A Tail Inequality. We first establish two inequalities between the
tails of the series of autoregressive coeflicients and their powers.

LEMMA S.1.  Under Assumption 1, let k*/T +1/k — 0 as T — oo.
Then for large T, for n in a sufficiently small left neighborhood of a N1 :=
min{a, 1} and for ( > 0 sufficiently small, it holds that

(S.2.1) arap’(k > 18" <arar T+ Y |18l
j=k+1 j=k+1

Ifk3/T +1/k — 0 as T — oo, then also

(S.2.2) araz?(k > 18, <arar™t + a7 Y 181
j=k+1 j=k+1

PRrROOF. In the case of a finite-order AR representation the inequality is
obvious, so we discuss the opposite case.

From Z;’ozle/‘s\ﬁj\ < oo it follows that |8,] < §72/9 for large j. For
fixed k, the expression (3°72;41 [8;])77 2272411 16;[" cannot be prolonged
by continuity to the zero sequence in ¢o, so we consider separately the sets

B = {181}k = 0< Bl <az’i ™ j=k+1,.0,
By = {18,152k + api <181 <50 =k 41,0},
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Using the upper bound in the standard estimate

(K+ 1)175 o - Kl_s
— < < f 1
s—1 - Z J ~s—1 or s =>4,

J=K+1

(S.2.3)

we find that on By,

0 2(5—n)
arap*(k S 18,V < Carars 2 (k+1)" m = olarars™)
j=k+1
for T > 2, § < n and sufficiently small ¢ > 0. If B, is equipped with the /o
metric, it becomes a compact in fo, for it is closed, bounded and for every

€ > 0 there exists an N € N such that for all {[8;|}32,,; € B, it holds that

0 2 00 -—4/§ : 00 — 9]

on B < YGeN /% < e. The expression (52 hr1 1851 7T 25 ke 185"
defines a continuous real function on B, and, hence, attains a maximum
there. Let {|[3§|}j‘°:k 41 denote a maximizing sequence; by examining direc-

tional derivatives, it follows that | ,35\ (j =k+1,...) satisty

apsi~2/% if Bf < agt 2/
185 = Bf ifa;SjY0 < BE < j70
j—2/5 ifj—2/5 S Bﬁ

1
with B = ( k1 |B§|/ k1 \,65\”) 17" £ 0. We examine this condition
without attempting to find all | B§| exactly.

As B! > 0 and j2/9 is decreasing in j, \55\ = j2/% pecessarily holds
from some index onwards. Let K9 > k be the smallest natural > k such that
\Bg\ = j2/% for j > Ko+ 1. Then (Ko + 1)’2/‘S < BY and, if Ky > k, then
Bt < K;*° and |4 # 52/ for j =k + 1,..., Ka.

Still if K» > k, then either |8} || = Bf or |8}, | = a7%j~%/% > Bf. In
the former case it must be that a;c(k + 1)*2/‘s < Bﬁ, SO a}cj”/a < B! for
all j > k + 1, the value a;gjd/‘S is never taken by \,Bg\ and at Ko a switch
between Bf and j —2/3 takes place; define K7 = k in this case. On the other
hand, if \Bﬁk+1| = a}c(kﬁL 1)72/% > B let K; < Ko be the largest natural j
such that a;cj_g/‘S > Bt for j = k+1,..., K;. Then at K, a switch between
a;Cj_2/5 and B! or j2/9 takes place.

Summarizing,

ap’i ™Y k+1<j<K

85| = Bf K +1<j<K,
70 > Ko+,
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with

1
B aTC E] k+1]—2/6 + (Ko — K1) B! + % i1 2 —
aTQ? ij‘(:lk—i-l i—2n/0 (Ky — K1) B + Z_(]?iK2+1 j=2n/6
where the first two conditions may be satisfied by an empty set of j’s. If
switches do occur, then a;C(Kl + 1)—2/5 < B < a_CK 2/5 1 olds at a
switch away from the a}cj*2/5 branch, and (1 + K2)~ 2/6 < Bt < K2—2/5 at

the start of the j~2/% branch.
Solving for Bf in its defining equation gives

1
— K _ T
Bt ‘ITC > itk 20+ 2Ky t1d —He o\
== K -
aTC?7 Zj=1k:+l J 277/5 + ZJ’=Kz+1.7 n/

and using (S.2.3), it follows that B* satisfies

art {(k+1)' 20— KT 4 (1 £ 1) 2
a;(n(k1—2n/5 (K1+1)1 277/5)+K1 /8 2n— 4
Ck;l 2/6+K1 2/6
a;cn{(k+1)1*277/5— K20} 4 (K + 1)1-20/8

(S.2.4) (BH1-

We examine the implications of this inequality and the switching conditions
for subsequential limits. Two cases are possible.

1. If two switches occur, then Ko/K; ~ ai}C/ 2 from the switching condi-
tions. Let a}c(k/Kg)l_Q/‘; — cas T — oo, possibly along a subsequence; we
are looking for the values of ¢ that can occur. Passing to the (subsequential)
limit in (S.2.4), it follows that

2—-0
c+1< 27— 5(limK22/53ﬁ)1_77 <c+1,
and since KQQ/(SBjj — 1, the unique subsequential limit is ¢ = 2 (1 — ) /(2n—
d), and thus, it is the limit of a;c(k:/Kg)l_Z/‘S as T — oo. Further, since

52 s <5

2Kf/6Bﬁ — 1, we find that K ~ c2- 5a2(2 72 and Ky ~ c2- >=3ay k. Then

22 ! ~S K j—2n/6 —21/5\1
( j=k+1 ‘53‘\") / I C D DRt 104 (Ka—K1)B¥14+y % ° i1l n/8y1/n
e o =< 72 8 5
> 72 k+1 1851 apS S T (K= K BE Y
_¢(2n—9) =
N (Cla;cnk172"/5+cgaT 2—5 klfzn/é)l/n ~ e (amk)an
03a;<k1—2/5 4G
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for some positive ¢123 4, and

o (k52 1857

~ 1-7
aTaT n

EH
~ cqdrap k(a2 k)

=o0(1)

o1 1551

for k?/T — 0, n in a sufficiently small left neighbourhood of A1 and ¢ > 0
sufficiently small. The same expression is o(a;l/ 5) for k3/T — 0 and ¢ = 3.

2. Alternatively, if the value of a;c §72/% is not taken by any | B§-|, we are
left with
(Ko + )70 24 (B < Ky
K21—27]/5 ~ 20— ) — (Kg + 1)1—277/(5

or equivalently,
-6\ To7 e 2 ﬁ -8\ To7 ey
— 1— 1 1—n s — 1— 1 1—n —
()™ () T () )
As (K3 +1)"2% < Bt < K;%/° should also hold, it follows that

M —05 1\5 o —4 1\
n— n—
1+ — <1< 1+ —
2-5( K2> = —2—5< KQ) ’

which is equivalent to Ky < [{(2 —0)/(2n — 5)}2675 - 1} ' forn € (3,1). As
this is inconsistent with Ko > k — oo as T' — oo, for large T' the maximizing
sequence is ]/BE\ = j72/% j > k + 1. Therefore, > j2/5|ﬁj| < oo implies
for large T' that

e 5 _ 6
Z?:k+1|ﬁj|n < Z?:kﬂj 2n/6 . mkl 2n/ .
B = (S 527 = (gt 1y 20 =

for obvious choices of ¢, so

oo |m1/ if k2
aTa;Q(kZJZf“ o, < Mapap®k*t = 09135 k=0
252kt 1851

olap 7Y f k3/T — 0
for 1 smaller than but close to o A 1.
This proves the lemma. [

1-n

S.3. Additional proofs. Together with the matrix norms || - ||2 and
|| - || employed in the the paper, here we also use the linear space matrix
norms | - [ = supj— ()l and | loo = sup 1 |()a]e  induced
respectively by the 1 and max vector norms.

>l



SIEVE-BASED INFERENCE )

S.3.1. Proof of Lemma 2. Regarding Sk, of part (a), we argue first that
HSOOU; 2k||2 = OP(ZTELTCL; )max{keak,k} = Op(l) when k2/T — 0.
Then )‘mln(SOOU %) > Amin(Zg) — ||S(ZJCOU;2 — Zkll2 = Amin(3k) + op(1) by
Weyl’s inequality (Seber, 2008, p.117), so )\min(Sé“Oa;Q) is bounded away
from zero in probability and (S&,)~! exists with probability approaching
one. Further we use the fact that
Ghy-1,2 _ y-1 I=; 13115507 — kll2
1(S00) ™ o7 — Xy [l < i

L= 13 208507 — Skl

if |2 |2]|S&y 0% — Skll2 < 1. The latter inequality holds with probability
approaching one since ||Z, ! |2 is bounded as k — oo and ||S§ o2 — Skll2 =
op(1), so we can conclude that also

1(580) 0% — 5 2 = Op(lrarar?) max{k ay, k}.

The proof of part (a) is completed observing that a}202T is bounded away
from zero in probability as it converges in distribution to an a.s. positive
(a/2-stable) r.v.

We present now the evaluation of ||S§ 7% — Sgl2. A generic element
of Skyis Y XX = cfj + §i§j + & (for 0 < 4,5 < k — 1), where
k. x~T—1 2
Cij *= Za=k 2020 Et—max(i,j)—v v T v+|j—i| and

T 1
f t=k Zu =0 ]I{u;év+] z}7u’7v5t i—uCt—j— vH|st i—u€t—j—v|RaT>

R € {>,<}. With CF := (e Z])” 0, it holds that

ISk = C¥lla < 1€V S5 2 + 163 oy iz + 163 1 €)1z
k—1

< €7 ll2 +_max Zm J\|+Zléw &l

=0,.
7]_

since H(&g‘i j|)}j < max;—g,. k-1 Zj;o |§(§|i—j\| as (g(iﬁ—j\)i’j is symmetric

(in general, || |2 < || - ||1/2H ||1/2) Let first E |e1] = oo (so a € (0, 1]). Since

Il Il2 < || - ||, the inequalities can be continued as
k—1
k k =5 4 25)1/2
IS5 — C¥ll2 < (EF +25)Y +2Z\fojr+ Y legims — &5l
i,§=0
where

—< [e5)
= = Z 2,] ZS t=k a,b,u,v=0 ]IAWavbyu’y'ué‘S*’L’*asS—j—bgtfif’u,et*jfv

X]I|59 i— (LES —j— b|<aTH|5t i—uEt—j— 1)‘<GT’

>_|

=<
=2 _Z,J Zst kzabuv 0 LAYV YuYvEs—i—aCs— j—bEt—i—ut—j—v

X]Ilasfzfaas—j—b|SaTI[|Et7i7u5t7j7v ‘SaT )
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A={#{s—i—a,s—j—bt—i—ut—j—v}) =4} A :={#{s—i—
a,s —j—bt—i—u,t —j—v})=2or 3}. Further,

E ‘51§| < KT E(’€1€2|H|5152|§&T)2(ZZ.;0 |7u|)4 = O(k2C~L%)

for a € (0,1), as a;'T E(le1e2|lic,ep)<ar) — /(1 — a) by Karamata’s theo-
rem [KT], and E|Z5| = O(k%2a2) for o = 1, as ap TE(\5152|]I|5152|<QT) is
slowly varying in this case. Similarly,

E (25| < 4T B(leie3 e, oo <ar ) (T020 [1u))* = O(K?a7)

by KT, so EF + 25 = Op(k?12.a%). Also, for every n € (4, ),

k—1
631 BIY 611 < KT B2 eeoa,) (3 0l = Oka)
j=0 u=0

by KT with E(|e1e2]") < o0, so Z ]§5J| Op(k"ar) by Markov’s
inequality, and by letting n 1 «, Z;?: ’55,]’ = op(kfagar) for every e > 0.
Similarly, since |{7 lij] £Z>j| does not exceed

[e.o]

Z + Z )Z H{u;ﬁv—&-lj—i\}hu’hv"gt—ugt—\j—ﬂ—v‘H|Et_u€t7\j7¢|,vl>dT7
t=k—iNj t=T—iNj u,v=0

with ¢ A j := min(¢, j), it follows that

o0
$32) B 16— Gl < (+ DBl oan) (32 a2
7] =0 u=0
is O((k3/T)al) = o(kar), so Z 2 |£0 limj] — 7| = op(k‘agar) for every
€ > 0. By combining these results also ||SEy — C*||a = op(kcarlrar).
Instead, for Ele1| < oo (so a € [1,2)), we write ||(£;;)5;]2 < V2(E5 +
=25)Y/2 with
=X .y v T-lyoo o . T O 2
'~3< = Zl,]{Zt:kTZu,’UZO {u;év+j—z}7u711(gt—l—ugt—J—v let—i—uEt—j—o|<ar :U’T)} s
= —1
=1 = H% Zi,j{Zt:k vazo H{u¢u+j—z'}’7u%}2
and pp = E(e1€2l)c (<, ), SO

k—1

1S — C*[la < V2(5 + E5) 1/2+2Z|50>J|+Z|£w L &l

j=0 4,J=0
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The terms in the upper bound satisfy: (i) 25 = Op(k%a%), as
E 25| < 4T E(e162])e ey j<ar—1r)* O 17ul)* < O(KP*T) E(lere2/*Lc, ey <ay)

is O(k2a2) by independence and KT; (ii) |25| < p2k2T2(X |y, )t = O(k2a2)
for o € (1,2) since

(533 lurl = ‘E(&E?H‘Elfﬂﬁf@)‘ = |~ E(e182]ese)>a7 )|
< E(leiea|l ep>ay) = O(T Yar)

A

using E (e162) = 0 and KT, Whereas 25| = Op(K*T?) = Op(k?*3.a%) for
@=L pur = O (1) 3) 2453 65, |+ 4% €5y €51 = Ophar) b
o € (1,2) by (8.3.1)-(S.3.2) with n = 1, and 2525 €5, + X120 €5 i
7| = Op(kT) = Op(kipar) for o = 1 using the same displays. Thus, ||Sg,—
C*||2 = Op (klrar) in the case Ele1| < oo, and by the earlier argument,
1Sy — C*||la = Op(lpar) max{kay, k} for all a € (0,2) and € > 0.

In its turn,
k 2
(83 4 C’i - 7a|l —J] Z €t max (,9) + Z Iov Ek max(4,7)—v 8T—Inax(i,j)—l—v]?

where pf]j = ZZO v+1 YuYu+|j—il has ‘p”| < ZZO v+1 772/, = ’?121 For § of As-
sumption 1(b) it follows that Zoo ’p’t] |§/2 < Z =0 Zu v+1 |’Vu|6 = ZO:I uh/u’é <
o0, so the series in (S.3.4) are a.s. convergent because £2 has tail index /2.
Further, as Tﬁ;j‘ <73,

(S.3.5) IIEW% - C’“H% < [|Skot — CF|I?

Z€?+ Z 8? Zrz]+32 ZVUET max ,j 1—1))2

t=T—k %, i,j v=0

+3 Z(Z ’?Zeifmax(i,j)fv)2 < 3k° [OP(CL%)T%O
1,7 v=0

+ Z’ngT i— v) + Smax Z"ngk i— U) ]:OP(]CQCL%)
zfl,...,k =0 =1,...,k =0

n -2 oo 2.2 —2 oo 2.2
using that max;—1_x[a; " D oo Vo _i_pls MAXi=1 k|G " D00 Vo€ il
a,;2 Zle 2 and a,ZZ ZtT:T_k 2 converge weakly to a.s. finite 1.v.’s (see The-
orem 3.2 of Davis and Resnick (1985a) for the former two, as 2 are in the
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a/2-stable domain of attraction with normalisation a2). From the triangle
inequality and the condition k?/T — 0, we conclude that, for every e > 0,

(S.3.6) |S&) — Sro2|l2 = Op(lrar) max{kay, k}.

Regarding S4. in part (b), first,

T kT oo
k
| Z Xt715tH2 = Z( Z Z%Et—j—iﬁt)2-
t=k+1 i=1 t=k+17=0
For {e;} with E |e1] = 0o (and hence, a < 1), we write || ZtT:kH Xf_lstHz <
2{(A1>)2 + A1 =+ AQ} with

AT = f:l ZtT:k-f-l 2520 vjllec—j—igele, s _ei>ar

Ay = Ef:l Z£t=k+l Z?jZO HB’YthES_h_isSSt*j*istﬂ|8s—h—i~€s\S&TH|€t7j7i8t|§flT7

Ag = Zf:1 Zztzkﬂ ijzo ]IBC’Yhf)/jEsfhfigsgt—j—igt]I|85,h,i55\S&T]I|at7j7i8t|§t~17*7
B :={#{s,t,s—h—i,t—j—1i}) =4}, B :={#({s,t,s—h—i,t—j—i}) =2
or 3}. Similarly to the evaluations of (27)2, =12, we find for n € (§,q)
that E|A7]" = O(kak), E|A1| = O(kl3a3) and E|As| = O(ka%), so AT =
op(kfagar) for every € > 0, Ay = Op(ki%a3) for lr as in part (a), and
A = Op(ka%), giving || 2741 XF_ 14|l = op(kaglrar) for every e > 0. On
the other hand, in the case E |e1]| < oo (where v > 1), || 27,1 X5 je6])? <
3(A3 + Az + Ay) with

k T
A2> = iZl(Zt:k—Fl Z?io |’Yj|ygt_j_igt‘H|€t7j718t|>(~l'1")2

satisfying by KT EAZ[7? < KT B(£122" . 0y o2, ) (5 |1 7) = O(kiE) for
n € [1,a), a > 1, whereas E|A;|/? = O (kT) = O (klrar) for a = 1, so
A3 = Op(k¢a2l2a?) by Markov’s inequality, and

Az = Zf:1£2?:k%r1 3207 (Et—j—iedie, ;e <ar — 1)} = Op(kaz),
Ay = HZT z‘:1(Zt:k+1 Z}io ’Yj)2 = O(kl%d?r)
as 234 earlier. Thus, | 7, .1 X 16| = Op(kfaglrar) for every € > 0 in

the case E |e1] < 0o, and by the previous argument, for all « € (0,2).
Second,

T ko oo T
1Y Xiaoll = o0 B85 Y XX )2

t=k+1 i=1 j=k+1 t=k+1

k 00 k o)
\@Z Z |3;||GZ|+‘/§{Z( Z 5jfij)2}1/2

i=1 j=k+1 i=1 j=k+1

IN
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k . \~T—1x~o0 2 .
ij T 2ut=k > 0=0 Ct—j—v Yo Vvtj—i 18

T-1 %) o0
koo 2 ij 2 ij 2
=Ty e =Y PIF et Y PER
t=k v=0 v=0

and & = Y1 020 Y020 Lustos jiy YuVoft—i—ubt—jvi cf. (S.3.4) with
i < j. We find that (i)

Z Z 1851175 z\|zgt j <A Z \ﬁj\}{z Z Zlm iei s}

=1 j=k+1 Jj=k+1 t=k j=k+1 =1

where ¢

where 3271 (22 Sk |Tj,i|)5?7j is distributed like

T—k—1 oo j+k—1

SO Ity < TEET <o) YD Il

t=0 j=1 1i=j j=li=j
-1 c0o o
+> > O Inl(et; = Blei Tk, 1<ar)) = Op(a?)
t=0 j=1 i=j

since €2 have tail index /2 and

Z Z |T 5/2 < Z |’75|6/2 Z]|75+]’5/2 < Z |75|5/2 Z S|75|5/2 <00

7j=1 i=j5 s=0

by Assumption 1(b), so Theorem 4.1 of Davis and Resnick (1985a) applies
(with their ¢; = 3772 |r4|) jointly with KT; (ii)

Z Z \5\2’/’ ‘gT]vl<{Z W’}{Z Z Z’P ‘6ij1}

=1 j=k+1 v=0 j=k+1 i=1 j=k+1v=0
with
k
Z Z Z|p |5T —j—v— 1H|6T jov— 1|<aT) < B( €1H|51|<GT Z Z Z|,0
i=1 j=k+1v=0 1=1 j=k+1v=0
k 00 00 00 9]
<o 'ap)d ST 3T ST il <O@ i) (S ulv,l)?
i=1 j=k+1 v=0 u=v+1 u=1
and similarly, for n € (J, «),
k ) 9] B )
EQ. Y Y lodlet oo lieryousmar)™? < E(E1]" ey <ar) (Y ulyal"?)?
i=1 j=k+1v=0 u=1
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is O(T ™ ap) by KT, so 301 Y3201 Yoo |03 |65 1 = op(aF); (iid),

ZZ ’B]’ZW ‘Ek]v: (%)Z |/3]|
i=1 j=k+1 v=0 j=k+1

likewise. Thus, YF >kl \BJHCZ\ = Op(aZ) X2 k4116,] by combining
the previous estimates.
Further, we split &;; = 55 + §i>j as in the proof of part (a):

T—-1 oo

R
§Z] = Z Z H{u;ﬁv+j—’i}P)/uPYUEt_i_ugt_j_UH|Et7i7uEt,j,v‘R&T7 R € {S’ >}7
t=k u,v=0

and for {e;} with E |e1| = co we find that,

k 00
Z Z ‘B ng]’ < Tk E(|5152‘H\£152\<aT Z ’Pyu Z ’/3]’
i=1j=k+1 Jj=k+1

is 0(a%) Y5211 8] by KT, and similarly, for n € (6, @),

Z Z ‘Bjugzg n<TkE(|6152‘ H\8152\>GT Z’Pyu’n Z ’/Bj’n
=1 j=k+1 j=k+1
is O(kzd%) jo'ok+1 ‘5“”7 so by using (5.2.1), {Z§=1( ?O:k—o—l 5jfij)2}l/2 <
5:1 Z;')ik—i—l ‘@H@ﬂ = OP(aT )+0P(GT) go'ik;+1 |/6j| for ¢ > 0 sufficiently

small, and || 3741 XF il = 0p(aT )+Op(a2T) 72 k41 |8;] in this case.
In the case E|e1| < 0o, as in the proof of part (a), we find that, (i),

(S.3.7) EZ Z Bi£5)?) Z Z B, BLESNC Y 185D

i=1 j=k+1 i=1 j=k+1 j=k+1

o0 o0
<k [ATE(E e pi<ar) + T3] (O DY 1812
u=0 j=k+1

is O(kl%a3)( 21 185 )2, the inequalities respectively from Cauchy-Schwartz
and by separating products where some ¢ is squared from those where all
¢’s are distinct, and the magnitude order from KT and (S.3.3), and (ii),

[e.9]

k 00 9]
E(Z Z ‘Bngz?jDSkTE(|€1€2‘H\€152\>&T)(Z’7u’)2 Z |/8]|

i=1 j=k+1 u=0 j=k+1
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is O (klrar) 372,41 |85 by KT. Thus,

k ) k ) k 00
D0 B2 <Ve{d (D0 B Y+ v2d] Y 1BlI€H]

i=1 j=k+1 i=1 j=k+1 i=1 j=k+1
is Op (klpar) 3272541 18;] with klrar = o(a%) when k?/T — 0. Finally,

| EtT:kH Xf—lpt,kH = OP(a2T) f’ikﬂ ’53" when E |e1| < oo,
The magnitude order of S5 is obtained by combining the magnitude
orders of HZ;‘F:kHX _1&¢/| and HZt k+1X 1Ptk” O

S.3.2. Proof of Corollary 4. Using the fact that f,;l is the lower triangu-
lar Toeplitz matrix with first column (1 : — B;{,l)’ , it can be checked directly
that I 'y, = (I, — T1) By, + Y, from where

Y — Ve = fk@k Ve = Fk(,@k Ly ’Yk) fk(rkfak — Vi)
= Du(TiBy — TuBy) = Telw(By — By)-

Hence, |9 =gl < |Tell1 Tkl 1B, —Bgllr, where |-[[1 equals the maximum
absolute column sum. As [[T'x|1 < [|7]l1 = X2 [7i] < o0, and thus,

ITklly < Tl + [T% = Trll < vl + 155 = vills

it holds further that |19, —vk/l1 < (Ivlls + 19k — Vi[O I¥ 1118k — Bk 11 and,
for small [|B, — Byll1, 195 —7ellr < 1Bk — Bl ||7||1/(1 ~ 171111185 = Bellv).
Hence, |9, = vil1 = Op(|1B) — “Billn) = Op(K'2(1By, = Bill) = op(1) by
(7 1) with kQ/T — 0 and k1/2 ] k+1 |ﬁ]| = j:k}+1j|/6]| - 0(1)

Similarly, |9, — &l < [ITkll2/Tkll2)|Bx — Byll, with
ITkll2 < [Tellz + 0% = Tillz < [ITwll2 + [ T% — Tklly
< Tkl + 1195 — vill1s

1/2
P20y — Ty 22

50 [|Fx—vill < (IIFkyz;rll’Ykl—;Yk||1)||Fk||2||5k—ﬁk||- Since |9, =il = op(1)
and |Tyll> < [Txlly?[Tklls® < [lvlla < oo, it follows that |5, — v, =
Op(IBy, = Bill) = op(1). O

S.3.3. Proof of Corollary 5. Tt holds that |Cp (A\) — C (\)| < Rr(\) +
Ir () with

k 00
Rr(\) = |[1+4 3 4;cos (Ag) 2 = [1+ D v, cos (Aj)
j=1 Jj=1

< (z+§|vj|+§m|)(imvj\+ 5 1)

j=1 j=k+1
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(e.0) o0
< (2423 Pyl + 13k = vel) (13 = vl + X2 1) = op (1)
j=1 Jj=k+1

since |9k — Ygll1 = op(1) by the proof of Corollary 4 and 3272, |v;| < oo.

Similarly, Ir (A) == || 252, 7, sin (\f) 2 = | 24y 4 sin (A) [2] = op (1) us-
ing the same upper bounds. As these bounds are independent of A, conver-
gence is uniform in A. [J

S.4. Proofs from Section 7.3.1 of CGT. Similarly to Lemma 8.3 of
Kreiss (1997), the following bounds can be established for 4.

LEMMA S.2.  There exist constants bj, > 0 and C such that, for large k
and uniformly in j € N, it holds that

1\~ . ad
(S4.1) m_%yg(u) Op(1Bi = Bl + 3 18,) + b

& j=k+1
and 3 520 bje < C 3724411851
S.4.1. Proof of Lemma 3.

S.4.1.1. Preparation. From & —e; = (8, —B;)' Xl , +py , it follows that

T T T
(5.4.2) S E—a)= > XED) BB+ Y o
t=k+1 t=k+1 t=k+1

where, (i), Y71 XF 1 = Op(k'/2ar) is implied by the Beveridge-Nelson
decomposition of X¢ (X; = v (1) er—=AZs, Zy == 3720 €t—j D521 i), Which
yields

T T-1
> XEal < K2y (1) > el +k
t=k+1 t=k

Z
te{o,._,,k_f}%%%_k,_.j_l}(|€t’ +|Z])

= Op(kl/zaTlT + kak) = Op(k1/2aTlT)

as a;l Z?:_kl &t — aElTE(El]I\EﬂSaT) = Op(1), a;lTE(€1H|a1|§aT) =7, and
(i), S pis i = op(lr) by Markov’s inequality. Indeed, for E |e1| < oo,

T T 0o 00
(D> pen)® < 20 D0 B> vieioilier, ji<ar)’

t=k+1 t=k-+1i=k+1 ;=0

T oo 0o
A S B il = 2RE 4 2R
t=k+1i=k+1 7=0
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with

T 0 [e'S)
ER% < E<€%H\€1|§aT> Z Z ‘51”5771’ Z |’Yj”7n’

t=k+1i,m=k+1 7,n=0
T 00 [ee]
HEE T <a)? Do D 1BilIBwl D il
t,s=k+1i,m=k+1 7,n=0
[eS)
= O |liar > [B:)*=0(1)
i=k+1

by using E(e1lc,|<ar) = = E(€1lje)5a7) and KT ([lv([1 := 32520 [7:), and

E(R;)? < E(le1[lesar)T Y 181D Iyl = Olr)(ar - 1)) = o(ir),

i=k+1 j=0 i=k+1

SO S pi1 i = op (Ir) in this case, whereas for E |¢1| = oo it holds that

T T (%s) T [e's)
ookl <0 >0 D 1Bl Xl <ar + >0 Y 1BillXe—illix, i san
t=k+1 t=k+11=k+1 t=k+1i=k+1
<
=: C]; +Ck>
with
- oo oo
EC; < TE(IXilx,<er) Y, 1B:l =0Ur)(ar > |Bi]) = o(lr),
i=k+1 i=k+1
2T —k—1 [e's) (o) T+i
E(Ck>)n S E( Z |XT—7:|]I‘XT,¢|>QT Z |ﬁl‘+ Z |X*i|H‘X_i‘>aT Z
i=k+1 j=k+1 i=T—k Jj=k+1+1
00 00 T+1i
< TE(IX1Mx 5020 Y 1BD"+T71 Y > 15,1
j=k+1 i=T—k j=k+1+i
o 00
< O(ap){20 ) 18D+ > 18,1}
j=k+1 j=T+1

by KT forn € [§,a), a <1, s0 from ar 3272441 [B;| — 0and 325244 |B,]7 =
O(T'=21/%) (under Y°32, 52/%|8,] < o0), it follows that C7 = op(1) +
Op(apT'/"=2/%) = op(1) as ) € [§, @) can be chosen such that 1/a 4 1/n <
2/5; eventually S7 ., lp x| = op (Ir) for Ele1] = oo. Returning to (S.4.2)
and using (7.1), it follows that for all € > 0,

T
(S.4.3) 3" (er— &) = Op(k2apas + Ir) = Op (K ?araf).
t=k+1

16;1)"
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As (8 —erp)? = {(Bx — B1)'XF |12 and 7 is a.s. bijective, we find

T

Y @ —en)? = (Br — Br)'Sto(Br — Br) < 18 — Brl*lIStoll2

t=k+1
7 2 7 2
< 1B = BilP (07 11Zkll2 + op(a)) = Op(az||By — Bell*)
by Lemma 2(a), and since 02 = Op(a?) and ||Sk|l2 = O (1). Next, from
(&t —e)? < 2 —ep)? + 2P§,k and the a.s. bijectivity of =, it follows
that P™-a.s. (i.e., conditional on the data and {w;}{_,,, with randomness
stemming from 7 alone),

T T

(S.4.4) N Crpy —erw)?= D Ei—e)® = |lgr —er|®
t=k+1 t=k+1
T -~
<2{ Y (& —een)’ + S50 = Op(ah By — Bell®) + 255,
t=k+1
where S’;p =T, 11 p?,k = op(lr) by Markov’s inequality. In fact, for

E |e1] < oo it holds that

T 0o 0o
k 2
Spp <2 > (X0 Bid_vift-i-ler i i<ar)

t=k+1 i=k+1  35=0

T o) o]
+2 37 (3 B3 veinilen s isar)? = 255+ 257,

t=k+1 i=k+1  j=0

with (i)
T 0 0
<
ES,, = >, E(Y, B> ver-iile, . j<ar)’
t=k+1 i=k+1 ;=0
T 00 %
= Eletley<ar) 2o D (X0 Byrisy)’
t=k—+1i=k+1 j=k+1
T [e%S) 0
+{E(€1H\s1|§aT)}2 Z Z Z ]I{i+j7ém+n}6j6m7j7n
t=k+11i,m=k+1 jn=0
e’} 7
< (> > 1BjlhisD)? + 0T ipaz)( Z 185121113
i=k+1 j=k+1 j=k+1
o0
< O (az > 1B D2V =0 (1)

j=k+1
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by using E(e1ljc,|<ar) = — E(€1l|c)|5q0,) and KT, and (ii),

B(S7)? < Blle1|ley5ap)T Z mrzw— r > 18il) = ollr),
i=k+1 7=0 i:k-l—l

whereas for E |e1| = oo it holds that (S’];/))l/2 < Sl \pe x| = op (I1) by
the earlier argument for (S.4.2), so Sf,fp = op(lr) independently of E |¢1| (as
the square of slowly varying is slowly varying). Thus, continuing (S.4.4),

(S.4.5) ler —er|* = Op(atllBi — Bell?) + op(lr) = op(aF).

Further, as é? < 2e? +2(8 — &4)?, it holds P™-a.s. that

T
> & Z &} =1 67y, < 207 +2||ér — | = Op(a?).
t=k+1 t=k+1

S.4.1.2. Proof of part (a). After this preparation, we turn to

; t—k—2 t—k—2
xk ko _
So0 — Se0 = Z { Z 7jk5t —j—1 Z ’ng5t —j—1
t=k+2 j=0
t—k—2 t—k—2 ;
T !
= D Ykt DL VikEiojo1)
j=0 j=0
T t—k—2
~ ~] A ~
= Z Z wtfjflwtfifl{‘Yj;k‘yz‘:kew(t—j—l)gﬂ(t—i—1)
t=k+2 j,i=0

—’Yj:k’Y;:kEw(t—j—1)€7r(t—i—1)}'

Let Gjix = vec(V;.xVi,) and Gjin = vec(.x¥ix), such that

T t—k—2
L xk tk _ @ A 2
Ago = vec(Spg — Syp) = g E wtfjflwtfifl(Gji:k:@r(t—j—l)gﬂ(t—i—l)
t=k+2 j,i=0

_Gji:kgﬂ(t—j—l)ew(t—i—l))'

We split Agg into Agg = A&)) + A(()o) A(O) with A&)) : Zt ol w(t)ctt’

T-1
2
AR = Y Lpwswien(o)en( o
s,t=k+1

Z Z G it tWi— Wi Cr(t—)En(t—i) — Enlt—j)En(i—)
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T-1
= Z wat(éﬂ'(S)éﬂ'(t) - 57r(s)€7r(t))ds,t7

s,t=k+1
where
T—t—1 ) . T—t-1
Csjt i= Z (Gi—stisik — Gimstijitk)s Aot = Z G stiik-
i=max{0,s—t} i=max{0,s—t}

For an r.p. m, with E' denoting expectation under PT, it holds that,
first, Bf ||A&]) | < 0% max;—gi1._7 ||lers], where ¢y remain to be evaluated.

Second, regarding A(()%), for Rademacher w; it holds that

T—1
2
SAOE AP = > Lo BN 020 {chpcar + chpers}
s,t=k+1
T—1
= ET(572r(k+l)872r(k+2)) Z Lot { €y 4Cot + CogCts}
s, t=k+1
T-1
= Op(T%a7) D |chisCsr + ¢ chs
s, t=k+1
because
T
BN o) = 9 LpP{m(k+1)=umr(k+2)=v}eie]
u,v=k+1
T
(S.4.7) = O(T*){or— Y_ &} =0p(T %a7),
t=k+1

whereas for w; = 1 a.s. (all £),

T-1

2
BN A2 = ET(€72r(k+1)E72r(k+2)) > Ls{ s ot + Cyycrs}
s, t=k+1

2

+EN (2 (1) Er(ka2)En(r))

T-1
X Z ]I#{s,t,v}:?){cfs,tc&v + C;,tcﬂ75 + C;,SCS,U + C:S,SC%S}

s, t,uv=k+1
T-1
+ E N en(et ) En(h2)En(T-1)Ex(m) D Lifstiun}=aChsCusvs
s,t,u,v=k+1
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where ET(ei(kH)si(kH)) = Op(T~2a%) as before,

(848) EJr (Ei(k+1)€7r(k+2)5ﬂ'(T))

T T T T
= 0T (Y e’ o3 -2 Y DY e Y e
t=k+1 t=k+1 t=k+1 t=k+1

is Op(T3a}lr) as powers of slowly varying functions vary slowly, and

E' (en(b+1)En(b+2)En(T-1)En(T))

T T T T
(S4.9)< OT H{( D e+ D el +40r+8( > ) D =)}
t=k+1 t=k+1 t=k+1 t=k+1

is Op(T~*a4lr) because Y{_, .1 = Op(arly) and Y, €t = Op(ak)
(1=2,..,4), s0

T-1

2 _
(S.4.10) E ||A(()0)||2 = Op(T7%a7) 3 Tapldsese+ciycrsl
s,t=k+1
T-1
+OP(T_3CL471’ZT) Z H#{s,t,v}::{‘C;,tcs,v + cls,tCU7S + C;,sc&v + cé,scv,s
s, t,v=k+1
T-1
+OP (T74a%lT) Z ]I#{s,t,u,v}=4|cls,tcu7v ‘7
s,tau,v=k+1

and c,; remain to be evaluated.
Third, regarding Aé%), for Rademacher w; it holds that

T-1
3 N ~ ~ ~ A~ ~
ENARIE = Y E'Crtfrt) — ente)fn() (it + Tosady i}
s,t=k+1
T-1 R
< BNy — ) D Ndssl?
s=k+1
T—-1 o o
+E Crpern)r(ir) — Exern)Enir)’ D Tsweldl jdss + dl ydr o,
s, t=k+1
where ET(éi(kH) - Efr(k+1))2 equals
T
OT™) Y @E-e)’ < oT)|er —er|? (o7 + llér — exl)
s=k+1

= Op(T a7 By — Byl?) + op (T ira?)
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and is Op(T'a2a3"c) for all € > 0, using (S.4.5) and (7.1), and also
(S4.11)  EMErrsn)ern(hr2) — En(ht1)En(ht2))’

T

=O0(T7%) Y Toulests —es20)” < O(T ) (6% + o) e — el
s,t=k+1

= Op(T%a}| By — Bil*) + op(T2Ira?)

is Op(T~2a2a3tc) for all € > 0, so

(S.4.12) ETHA((J?(’))II2 Op(T 'aga™) Z Ids,
s=k+1
T-1 o o
+0p (T 2aa3"c) Z Tzl ds yds i + d 4dy |
st=k+1

for all € > 0, where cis,t remain to be evaluated. If w; = 1 a.s. (all £),

EADIE = 3 BN Crtfaty — ennto) (ot + Lo}
s,t=k+1
+ BN (Bt 1)ern(k+2) — En(hr1)En(k+2)) Bkt )en(T) — Enlt1)En(T)) }
T-1

X Z H#{s,t,v}:i’)(d{s,t + d;,t)(ds,v + dv,s)
s, t,v=k+1

+ BN Cr(er1)r(b+2) — En(bt1)En(b+2)) En(T—1)En(T) — En(T—1)En(T))}
T-1

PR
X Z H#{s,t,u,v}:4ds,15du,'v7
s, tyu,v=k+1

where | EN{ (& (k118 r(k2) —Ex (k1) Er(h+2)) B (k1) Em(T) —En(k+1)En()) } €quals

T
O(Tig)‘ Z H#{s,t,v}:i’)(ését - 85515)@‘531) - 5551})|
s, t,v=k+1
T T T
= O(T®) Y. U D LouEér —ese)}’ = > Lis(Es8r — eser)’]
s=k+1 t=k+1 t=k+1

IA

T T
_3) Z { Z Hs#t(ését_gsgt)}Q

s=k+1 t= k:+1
T

= o1 Y ¥ Z Lost(Be — €0)}? + (85 — &) Z Lszec0)?]

s=k+1 t=k+1 t=k+1
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T T
<O )63 Y @G —e)Y +ler —erl* {67, + o7 + (D &)’}
t=k-+1 t=k+1

is Op(T~3ka?a’) for all € > 0, using (S.4.3), (S.4.5) and (7.1), and sim-

larly, |EN(En(ks1)en(era) — En(br1)En(etr2)) En(r—1)En(r) — Ex(T—1)Ex(T))}]
equals

T

O(T_4)| Z H#{s,t,u,fu}:4(ését — €s6¢) (Euév — €utv)|
s, tyu,v=k+1

T
Y Loa(Esé —eser))?
s,t=k+1
T

—4 > Tygsrep—s(@sti—cser) Esbv—estn) =2 D Los(Estr—eser)?}
s,t,y=k+1 s,t=k+1

T
O™ Y LiuEd —ese)} + Op(T*kajad™)
s, t=k+1

using previous evaluations, so further

T T T
= O(T_4){[ Z (ét—&?t)]2+2 Z £t Z (s —es) + Z —Et
t=k-+1 t=k+1 s=k-+1 t=k+1

+O0p (T *kaia’te) = O(T~H{(k?aras + arlr)k' aras

+er —erl* + 2|17 — erl 671} + Op(T~*kaja7™)
which is Op(T~*ka?a?"<) for all € > 0. Hence,

T—-1
BN A = Op(T ' ada2 ) S ||dys?
s=k+1
T—1 . . . R
+Op(T2ajaz’®) D Lepldyydss + di s,
s,t=k+1

T-1
+0P( 31‘3@2 2+6) Z H#{s,t,v}:i&‘(d;,t+d;,t)(ds,v+dv78)‘
s,t,v=k+1
T—-1 o
(S.4.13) +0p(T*kaias™) > Lyfssuor—alds duyl-
s,tau,v=k+1
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We now turn to ¢, and Js,t. As in the proof of Corollary 4,

(S.4.14) 1F7—k—2 = Yr—k—2lloo < IF7-k—2 = Yr-r-2l1
T—k—2 . 0
= > 13—l =0pIBL =Bl + D 18;D),
j=1 j=k+1
T—k—2
(S.4.15) |¥7—k—2 — Yr—p—2ll = ( Z Wj —7j|2)1/2
j=1
. (o)
= Op(1Bx = Bill + > 185
j=k+1
Using also the identity |[vec(ab’)|| = |la||[|b]|, the triangle inequality and
(7.1), we obtain, for all € > 0 and s, ¢ that
T—t-1
lesell = [[vec] Z (’3’t—s+z‘:k - ’)’t—s+i;k)’%:k + ’Yt—s+z‘;k(’7i:k - ’Yz‘:k)/}H

t=max{0,s—t}
ClyI+1A7r—k—2 = Yrrr-2ll)
T—t-1

X Z (H’?t—s-‘ri:k - 7t—s+i:k:” + H’?zk - 711@”)
t=max{0,s—t}

IN

= Op(W)F7—k—2 — Yr——2l = Op(karaz ™)
uniformly in s, . Thus, Ef HA(%)H = Op(kaga}™) and, returning to (S.4.6)
and (S.4.10), Ef HA(%)Hz = Op(k?a2a3") for all € > 0.
Further, using (S.4.15), (i),

T-1 R T—-1 T-s—1 T-1 T—s—1
Dooldssll® < D O Al < X0 (B Y AP)?
s=k+1 s=k+1 =0 s=k+1 =0
< TR (V1 + 37—z — Yr—i—2ll*) = Op(TK?),
and (ii),
T-1 o o T-1 R R R
Yo Lamldidss +dyydis| < > Taz(ldsell® + lldselllldesl))
s, t=k+1 s,t=k+1
T—1 T—1—max{t,s}
N N 2
< 2 ) Leu( D A sl 1%l
st—k+1 i=0
T—1 T—1-max{t,s}
< NAropal® DD Lea( >, ¥ s inll)?

s, t=k+1 =0
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T—k—2
= OV + Wr-k-2 = Yrr—2l)*C D 1Ful)?
=0

= OF*T*)(IVIl + 1F7—k-2 — Yr_r_2l)* = Op(K*T?).

Before (iii), observe that, by Assumption 1(b), Lemma S.2 and (7.1),

T—k—2 T—k—2 T—k—2
(S.4.16) YooilFal <00 ilFak —val Do il
=1 =1 =1
T—-k—2 k-1
< Z Z{Z ’71 i~ Vi— _]) }1/2—1_]{:2 |7@|+k2”7‘|1
= 7=0 =1
. %) T—k—2 1 . )
= Op(IB = Billi + X 1B;DEY? > i(1+%)mk_z_1
j=k+1 i=1
T—k—2 (k=1)Ai
V2 Y 0 Y (bl + O
i=1 j=0
= Op(IBy = Billi + Y 1B;DE? +O(T) > |8l
j=k+1 j=k+1

+0(k*) = Op(K*araSt + kTar' + k?)

for all € > 0, so using also (S.4.15) and (7.1),

T-1

Z H#{s,t,v}zs‘(d&t + dt,S) (CZ Ci S>|
s,t,v=k+1
T—-1 T—-1 R R
S Z ( Z Hs;ﬁtHds,t“‘dt,sH)?
s=k+1 t=k+1
T—1 T-1 T—1-max{t,s}
< AN Lae D> sl Al
s=k+1 t=k+1 =0
T—1 T-1 T—1—max{t,s}
< AAr_p_al? Z ( Z Lot Z H'?lt—s\—f—i:k:”)z
s=k+1 t=k+1 =0
T-1 T—k—2
< AU+ A 7opee = Yr—n—2D® D 2 Y illFul)?
s=k+1 i=1

= Op(K'T + k®aiTa5? + K*T3az?)

21
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for all € > 0, and (iv), similarly,

T-1 o T-1 R
Z H#{s,t,u,v}:4|d,s,tdu,v| < ( Z ]IS7£t||dS7tH)2
s, tyu,v=k+1 s, t=k+1

T—1—max{t,s}

T-1
Z ]Is;ét Z ||&\t—s|+zk””ﬁzk”)2

st=k+1 i—0
T—1—max{t,s}

T-1
< NAp_p—al®( D Tsm > ¥ s pinll)?

s t=k+1 i=0
T—1 T—k—2

< (VI + A7—r—2 — Yr—r—2l)*(2 > > ill%:11)°
s=k+1 =1

= Op(K*T? + kKSa2T?a5 2 + K*Tas?).
Thus, returning to (S.4.12) and (S.4.13),

3 €
ENARI? = Op(k*aiad*)
+O0p(T 4kaka2+f)op(k4:r2 + kaiT?a5 % + K*T4a;?)

is Op(k2aka2+€) for all € > 0, if k3/T — 0. As also Ef ||A H = Op(karap'®)

and Ef ||A ||2 Op(k*a2a7"¢) were found to hold, it follows that || Ago|| =
Opt(kapap" 6) in P-probability for all € > 0, in the case where 7 is an r.p.

For 7 = id (and Rademacher w;), Ef ||A || < o maxi—gi1,7 |lere] is
Op(karar'®) as previously,

T-1
2
ENADIR < S 2Mp|c, soor + ¢, yors| < 0ROp(KPalas?)
s, t=k+1

is Op(k%a}a%) using the previous uniform estimate of ||cs ||, and finally,

T—1
3 L R
ENARIZ = B Y. wawn(Esdr — eser)dol?
s,t=k+1
T—1 o o
< Z (ését - 555t>2{d/57tds,t + d/57tdt,s}
s, t=k+1
< 2 2
< Z Esb1 = &551) }(st:krflé}.}.(.,T—l )%

st=k+1 ’
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where ZST;:lkH(ését — e5e1)2 = Op(a2aF™) for € > 0 as in (S.4.11) and

T—t—-1
< Yo NG ikl + llesll
i=max{0,s—t}
T—t—1
< Z ||7t—s+i:k””7i:k” + ||CS7tH

i=max{0,s—t}

| dse

kvl + Op(kagaz ™)

IN

is Op (k) uniformly in s,t, so also Ef HA(()%)\P = Op(kQa%a%'“) for every
e > 0. By combining the evaluations of ||A823|| (i = 1,2,3) and applying
Markov’s inequality, the first statement in part (a) is proved also for the
wild bootstrap scheme.

Regarding the lower bound for Sﬂ;g, let

T = min{t k+1<t<T|e| = k+r{1<m<<T]58|},
TS

T := {T =min{t:k+1<t<Tfee|= max !%(s)!} ?

then P(7) — 1. By considerations of positive semi-definiteness, for outcomes
in 7 it holds that

T—n~1(r)-1

(8.4.17) )\min(Sglg) > )\min (572_ Z ’)’j:k’)’;:k + €Twﬂ.—1(.,.)A>\>,
j=0

where the right-hand side matrix collects the terms of Sgg involving ¢, with

T-1
Ay = ) Lgn@wien@ (de(r)e + dirm1(r),
t=k+1

dsy = ZiT:_ntl;(l{Oﬁ_t} Yi—stik Vi We evaluate Ay for the three bootstrap
schemes.

If 7 is an r.p., then

T-1

ET HA>\H2 = Z ET(]IT;AW(t)Ezr(t)HdTrfl(T),t + dt,ﬂfl(T) H2)
t=k+1

T-1
+ Z ET [Hw(t) #1#7(8),t#sWtWsEr (1) En(s)
t,s=k+1

X tI'{(d7r*1(7'),t + dt,wfl(T))/(dﬁfl(T),s + ds,Trfl(T))}]'
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Next, if further w; are Rademacher, this reduces to

T-1

ET HA>\H2 = Z ET (HT#w(t)ggr(t)HdTrfl(T),t + dt,wfl(T) Hz)
t=k+1

T-1 T
= Z ET( Z Ht?évﬂw(t):u,ﬂ(v):’reiHdv,t+dtﬂ)||2)
t=k+1 u,v=k+1
T—1 T
= Y Y LaPla®) = u (o) = 1)edlldus + di|?
t=k+1 u,v=k+1
T-1 T
= 0T Y Y Lslusel|de +diol?
t=k+1 u,v=k+1

T T-1
= 0T ot Y > Liglldes +deol
v=k+1t=k+1

because PT(wr (¢) = u,7(v) =7) = (T — k) ' (T —k—1)" fort £v,u# 7
(7 is t-measurable). Further,

T-1 T-1 T—t-1
S TalddlP € Y Tl Y v wsiial?
t=k+1 t=k+1 i=max{0,v—t}
oo
(5.4.18) < 2k[YIPRZ VI + & D ivd) = O(k)

=1

and similarly for ZtT:*le ]I#det,vHQ, so for the permuted wild bootstrap,

EN|AL]? = Op(T k302 = Op(T~k%a2) = op(a?) as k3/T — 0, and
|Ax]] = opt(ar) in P-probability. If w, = 1 a.s. (all ¢), the estimate of
Zz:kl-m Ef (HTiﬂ(t)egr(t) |dr—1(ry¢ + dt’ﬁ—1(7.)||2) remains valid. Additionally,

ET [Hﬂ'(t)#’r;éw(s),t;ﬁsew(t)€7r(s) tr{(dﬂ*—l(‘r),t + dt,ﬂ‘_l(‘r)),(dﬂ_l(T),S + ds,ﬂ—l(T))H
T

= ET Z H#{t,s,w}:SHﬂ(t):u,ﬂ(s):v,ﬂ'(w):‘rgugv
u,v,w=k+1
X tr{(dwﬂf + dt,w)/(dw,s + ds,w)}
T
= Z et 0} =3 Pl(n(t) = u,7(s) = v, m(w) = 7)
u,v,w=k+1

XEuvw tr{(dw,t + dt,w)/(dw,s + ds,w)}
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T T
= O(T_3) Z 5u5vﬂ#{u,v,r}:3 Z H#{t,s,w}zS
u,v=k+1 w=k+1

X tr{(dw,t =+ dt,w),(dw,s + ds,w)}
uniformly in ¢, s because Pf (7 (t) = u, 7(s) = v, 7(w) = 7) = O(T ™) Lyquv,r}=3
for #{t,s,w} = 3. Hence,

T-1

| EMTa(t)zrsn(s) atsErn()Encs) 0 (dn1(r) e+ den-1(r)) (dr=1(r) s+ s n-1(r)) ]
t,s=k+1

T T T-1
< O Y e +otl D01 Y Lpfrswi=s
u=k+1 w=k+1 t,s=k+1

X tr{(dw,t + dt,w)/(dw,s + ds,w)}‘

is Op(T~2k*a%lr) = op(a%) for k3/T — 0, since

T-1
’ Z H#{t,s,w}:3 tr{(dw,t + dt,w),(dw,s + ds,w)}‘
t,s=k+1
< YV IP Ryl + & D dlval)? = O(kY).

=1

Therefore, Ef |Ax||2 = 0p(a?), and ||Ay|| = opt(ar) in P-probability, also
for the permutation bootstrap.
For 7 equal to the identity (wild bootstrap), it holds that

T—1
(S.4.19) ENANMP = > Lueilldrs + dir|?,
t=k+1
where
T—-1
(S.4.20) E Y Ll <aréilldes + dir?
okt
T-1
= EE( Y Lralie <apeilldrs + der|*|7)
t=k+1
T—1
= E Y LaE( <ot IT)ldrs + dir|?
t=k+1

T-1

< Elj<arsD B Y Trzlldr + dislf
t=k+1
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is O(Tk*a}) = o(a%) because Ly E(I s, |<ap67]7) < HT#tE(H\Et\Sang) =
]IT#tEGI\EﬂSaTg%) a.s. by the maximizing property of T, E(]I|Et|§aTE?) =
O(T~'a?) by KT,

T—1 o)
Y Lestlldrs +der||? < 4k|VIPR2V]* + kD inF) = O(K?)
t=k+1 =1

with a deterministic bound (see equation (S.4.18)), and k3 /T — 0; similarly,

T-1

E( Z HT#tH|Et|>aT‘€%HdT¢ + dtﬂ'Hz)n/2
t=k+1
T—-1

< By sarletE D Leglldry + di ||
t=k+1

is O(T~'k%al) = o(al) for n € [§,«) and § from Assumption 1(b), by KT
and since, with a deterministic upper bound and k%/T — 0,

T-1 0o 00
Z Lt dr s + di o || < O (1) (K Z AKES kZ"LI%I”) = 0(k?),
=kt 1 i=0 i=1

SO Zf:_klﬂ Lr2tlie,j>aptlldrt + di7||* = op(af). Recalling also (S.4.19) and
(S.4.20), it follows that ||Ay|| = opt(ar) in P-probability also for the wild
bootstrap.

By Weyl’s inequality (Seber, 2008, p.117), the estimate of ||A,|| yields

T—r~1(r)—-1
(8.4.21) |>\min (572- Z ’Yj:k’ygzk + gTwﬁfl(T)A)‘)
j=0
T—7r’1(T)—1
~ D Y V)| S el 1AM = opi(ad)
j=0

in P-probability, because a}lsT converges in distribution under P. Again by
Weyl’s inequality and matrix symmetry,

T—n"1(1)-1 00
Muin( Y ) — A0 <Y vl
7=0 j=T—n—1(7)
(o] o0
< Y vl < k(maxly) > [,

j=T—7n—1(7) j=max{0,T—7~1(r)—k+1}
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is opt(1) in P-probability, the magnitude order because PT(T — n~1(7) —
k+1>k) £ 1 and k3252k 15l < 22525 31l — 0 as k — oo as the tail of a
convergent series. Since Apin(Xg) is bounded away from zero, it follows that

)\mm(zjrz_oﬁ_lm_l ¥k Y;x) is bounded away from zero in Pt-probability,

e, converges weakly under P to a distribution with no

atom at zero, it follows that Amin(ay2e2 Z?:_OW_l(T)_I ¥k Y;x) is bounded
away from zero in PT, then P, probability. Recalling (S.4.17) and (S.4.21),
we can conclude that also )\min(a}QSglg) is bounded away from zero in PT,

then P, probability.

and as further a;

S.4.1.?:>F. Proof of part (b). TWrite :;S'a‘f - iéi’; T o1+ 05 — ag + o3 with
05 = D i—kt1 Xﬁlpn(t),kwt: Oy = Dli=k+1 Xt—lpw(t),k and

T

k
Z - XLl)Ew(t)wt
t=k+1
T t—k—2
Z Z ’YJk ’ng 57r( —j—1)Ex(t) Wt—j—1W¢
t=k+2 j:O
T t—k—
Z Z m(t—j—1) ~ Ex(t—j— 1))57r( YWt—j—1Wg-
t=k j=0

If 7 is an r.p., we discuss o1 + 03, 0’; and o3, no matter how w; are specified,
whereas if 7 is the identity, we evaluate o3, O‘; and os3.

Let ™ be the identity (and w; be Rademacher) For the discussion of 03,
define modified p, 1; := py ) — €t—j—1 ZZ k+1 Bivjs1—i» (3 =k, T —k —2),
as py ), ‘cleaned’ from the contribution of &;—j_1, and p;;; = p,y, for j =
0,...,k — 1. It holds that

T t—k—2
Eosl> = >0 > 1194078 107k
t=kt+2 j=0
T t—k—2
<4y vkl + 18k = Yl ER 1 + (Bemjm1 — €0—5-1)") 07k
t=kt2 j=0
T t—k—2 j+1
<38 Z Soolvelles ol >0 Bivieail)?
t=ht2 =k i=k+1
T —2 t—k—2
Z Z ||’ij” & - 1ptk]+4 Z Z 19 — ’YJkH &7 - 1ptk
j:

t=k+2 j=0
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T t—k-2
+4 Z Z (”’Yj:k”2 + 19k — 7j:k|’2)<ét—j—1 - 5t—j—1)2/)?,k
t=k+2 j=0
=: 8(¢% 4 0%y + 4(03y + 033).

Here
T t—k—2 j+1
¢ = Z Z H’Yj;kHff%—j—1(ﬂ{|at,j,1\gaT}+H{|at,j,1\>aT})’ Z 5ﬂj+1—z’\
j=k i=k+1
= §§ +¢~ =op(ar)

by Markov’s inequality, since

T—k—2 00
E(s®) < TEE e <a )Vl Do vl Yo 18]
=k i=k+1
< TEE e <o) IVIQ il +5 D2 1wl D 18 = op(ar)
i=1 i=k+1 i=k+1

by KT, Assumption 1(b) and the condition 3°, ., |3;| = o(az') and, for
1 € [0, a), by using the same facts,

T—k—2 00
n n n n
El”]? < TE(a|Mesar)IVIZ D vl (D 18:)2
j=k i=k+1
n > n
< TE(e e, sar) VN2 dlvil2 + & Z il 2 Z 1Bil)=
i=1 i=k+1 i=k+1

is 0p(a%/ ). Further, for € [§, @) and all ¢, by independence of €;—;_; and
pt,kjv

t—
n
2

T t—k—2
<Ele/"upElogg™) Do > Il
tJ t=k+2

=0
where the sup is over t = k+ 2,...,7 and j = 0,...,t — k — 2. By Holder’s
inequality, for « > 1 and n € [1, a) it holds that

E(0%1)

.

o (0.0)
Elogl” = Elprarel” <X 180" D0 1B E[Xpprl”
i=k+1 i=k+1

= (S BRI = ol

i=k+1
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if j =0,...,k — 1, and similarly,

Elpt ;" < Z 18])" Z 1B, ’E\ZHZ;AJH’W% "

i= k+1 i=k+1
< Z 1B E le1|" = o(ar")
i=k+1

for j = k,....,t — k — 2. Hence, a common, in ¢t and j, o(a;") upper bound
exists for E[p; ;;|"7, yielding

NS

< o(kTagp")(3_ Iyj|") = o(kTaz"), n € [1, ).
j=0

E(031)

As k?/T — 0, this yields 03 = op(a%). On the other hand, for a < 1
and 7 € [5 @) it holds that E |p; 4;|" = E [pg41.4" < E\XW’Z@ et 18] Af
j=0,....k—1, and

E|pt kj Z |/31’77E‘Z]Il75]+17l5t l|77 < E’51|UZ|71’77 Z |Bz|n

i=k+1 =0 i=k+1

ifj=+k .,t—k—2,5E (021)77/2 O(KT 32 k+1 13:|") g =k+1 ”Yj\n and,
by (S.2. 2) and Markov’s inequality, o%; = op(a@2) under k3/T — 0.
Next,

T—k-2

—k—
0% < U%S,];p Z H’?j &k — Y5 k:” =op lTaT Z Z —i ’Yj—z‘P
=0 =0

since Sﬁp = op(lp) was proved in the preparation, so from (S.4.1) and (7.1),
for all € > 0,

. i > ¥ &
7 = op(Rrad) 1By~ BlE+ (3 I5AY (1+5)  + )
j=k+1 j=0 §=0

= op(klrap){k®aia7? + (D [8;)*} = op(K*a}T*) = op(at)
j=k+1

if k*/T — 0 by choosing small € > 0, and similarly, from (S.4.5) and (7.1),

T—k—2
~ 2 ~
o35 < ler —erl® Sy, Do (lvjul® + 195, — viull®)
j=0

= op(klray By, — BrI*) (I7]1* + op (1)) = op(a?)
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if k2/T — 0. We conclude that E ||03||? = op(a2.) if k*/T — 0 and, hence,
llos|| = opt(ar) in P—probability if 7 is the identity.

Regarding a; =l Xt 1ptk (ptk Sz ,ﬁ_ﬁ ﬂiXZ_l-), we reuse sev-
eral steps of the evaluation of || Y7, ., Xt_lpmH in the proof of Lemma 2.
Namely, all the evaluations of expressions in |e;| and €2 (equal to |e]| and
(5;r )2, resp.) can be used as there, upon replacement of &; (t < k) by zeroes.
A minor modification is needed only for (what is now)

T-1 t—i—k—1t—j—k—1

gzj T . Z Z H{u7év+j_i}

t=k+14max{i,j} u=0 v=0
T T
X ]Ilat—i—uet—j—v ‘S&Tstfif’ust*jfv’yur)/l)
with

T-1 t—i—k—1t—j—k—1

<7
BN < 2P X DR D (O
t=k+14+max{i,j} u=0 v=0

2 2
XI[LSt,i,uat,j,v \S&Tgt—i—ugt—j—v h/u‘ h’v‘

possessing, by KT, EET(SZ%-’T)2 < 0(a2)||v||* uniformly in 4, 7, so in place of
(S.3.7),

k [e%s) k o) 0
EETOOCY. 85D <1 X IBIEEHEEHHCY 185D

i=1 j=k+1 i=1 j=k+1 j=k+1

is O(kaz) (332 k4116;])?. Thus, as in the discussion of || S XF 1 pg sl in

Lemma 2, we conclude that || ZtT:kH Xﬁlp;ku = Opi(a?) PR 18, =
opi(ar) in P-probability.
Further,
T t—k—2
Ef ||os|? < 4 Z Z 19, — ‘Yj:k||2{5t2—j—1,k + By —ej1k)’ Y
t=k+2 j=0 —~
—tet;
T t—k—2 L
+4 Z Z [o7% kP Et—j—l_Et*jfl,k)2+p?—j—l,k}5% = 4(031+0324033).
t=k+2 j=0
First,
T t—k—2 T t—k—2k—1
031 = Z Z ||;5/]k - 7j:k||2€tj = Z Z Z(’?],Z — ’Yj,i)Zetj
t=k+2 j=0 t=k+2 j=0 i=0
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) T t—k—2 1\ -2
< kOp(||By — Billi + ZW\ Z Z (1+k;> €t;
s t=k+2 j=0
T t—k—2(k=1)Aj
‘|‘2 Z Z b] Zketj

=0

~
Il
E

+
[\

e

Il

o
.

? N, 2 2
<1 + l<:> {erj1tpi—j_1 ke

T t—k-—2 1 —2j
Z <1+k> ey <
t=k+2 j=0 t=k+2 j=0
1\ 27
gt Y S (1eh) IRl
t=k+2 ;=0
is Op(ai™a%) for all € > 0 since, (i), S i_jio Zt =21+ )*27'5?_]-_16,52 =

Op(a;t<a?) for all € > 0, as

T t—k—2 1 —2j ) )
(2 2 (1+k) ei-j-15t1er s 1=l<ar))
t=k+2 j=0
2 2 — 1\~ )
< TEEES e al<ary) Y (1) = O(kar),
=0
T t—k—2 1 —25 ) ) .
E( Z (1 k:) Et—j—lgtH{|Et—j715t‘>&T})§
t=k+2 j=0
> 1\ —In e
< TE(|€1‘€2’T]]I{|€182|>(~1T})Z<1+k.> :O(kCLT)
=0

by KT for all n € (0, «), (i.ii), similarly,
T t—k-—2 925

J
>3 (14g) IxE 1% = Ontatiad)
t=k+2 j=0

for all € > 0, and is multiplied by ||3;, — B.||> = Op(a?a5?) = Op(a,?) for
sufficiently small € > 0 by (7.1) and k3/T — 0, (i.iii),
t—k—2

1 o, 2 2
Z Z Pt—j—1,kEt =op(ar)

t=k+2 j=0

since, for n € [§, a),

E( Y

t=k+2

i 1\"% , N
> <1 + k> Pi_j1kE1)2 <
~0

.
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> 1\ —In
< TElal Bl S (143) = ORTIBlogsl
j=0

is Op(kTa;") as E|pgy1x|" was evaluated in the discussion of o3 and
k%/T — 0, and (ii),

—k—
Z bj zketj

k-
Z Z by zk{gt —j— 1+Pt —j— 1k}5t

t=k+2 j=0  i=0

T t—k—2(k—1)Aj
+2H/6k_16kH Z Z Z j— zk”X —j— 2”2%
j=0 =0

IA
[\}
MH

= Op(kT'az™ + |18y, — BilPaikT'az™)( D 16:1)° = op(a})
i=k+1
for all e > 0, by taking expectations as in (i) and using Zt k=2 Zf Olbf ik <
I{:Zt k= 2b2 < E(XC20bin)? < CR(EC2k01 1B:])?, (7. )and the conditions

k?’/T —0 and ar Y i p41 |85 — 0; for example,

t—k—2k—-1

Z DD b ke jaEi e e <ar})

tk+2j020
Tkafl

< TE(ES e 0l<ary) D ie = Okar)( Y |6:)?
7=0 =

i=0 i=k+1
and, by Holder’s inequality for n € (0, @),

T t—k—2k-1

( Z Z Zb.?_i,k‘gl?—j—lsf]l{‘Et,jflat|>dT})

t=k+2 j=0 i=0

SIS

T—k—2 k—1 "
< TE(lere2| ey en)5a0y) X D, (O b7 1)2
=0 =0
; T—k—2k—1 " 2_1 (%) "
< O(a})T 2 ( b3 12 = {OkT"az)( > 18]}z
j=0 =0 i=k+1

By combining (i), (ii) and (7.1), for all € > 0,

(o) T
o3 = Op(kay"a7)(|1Bx — Bulli + Q18,0 +2 > oy
=k : ‘
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is Op(k?aja%) + op(a%) = op(a#) since k*/T — 0 and ar 352,41 |B;] — 0.
Second,

t—k—2

; 4
32 < [|Br — Bell? Z > alPIXE—ol*ef = 118y — Brl*Op(ay*a7)
t=k+2 j=0
is Op(aa%) = op(a%) using (7.1) and k*/T — 0, again by taking expecta-
tions and replacing the geometric series in powers of 1 + % by

T—k—2 00 T—k—2 00
Yoo lvalP<kY A =0k, > lval" <k yl" =0 (k)
=0 =0 =0 =0

for 7 > 6. Third, o33 :== YL k2 Zt k=2 ||7j:k||2p?—j—1,k5t2 = op(a?), simi-
larly to o3;.

Returning to the initial decomposition of E ||o3]|?, we can conclude that
Ef||o3]|? = op(a?) for k*/T — 0. By combining it with the evaluations of
o5 and 0’;, we complete the proof of part (b) for 7 equal to the identity.

For an r.p. 7, we start from

o1+ 05 = Z Z ’ijE t—j— 1)( w(t) — ())wt —j—1Wt.
t=k+2 j=0

If wy are Rademacher, then

T t—k—2
Efor+asl® = Y > 1WulPENE 1w — )}
t=kt+2 j=0
T t—k—2
= ET{é?r(k+l)(éTr(k+2)_Ew(k+2))2} S0 AP
t=kt+2 j=0
with BH{E2 ;1) r(era)—En(er2))?} < O(T72)67y, [léT — er|* = Op(T“ 2a}d}),
SO
T—k—2
E' o1 +03> = Op(T'afaz) Y |44l
=0

= Op(T kaga)(IVI* + 1371 k-2 = Yrin2l?)
is Op(T< kaza?%) for all € > 0, using equation (S.4.5) and (7.1). On the
other hand, if w; = 1 Pf-a.s. (all t), then

s—k—2t—k—2

T k k—
Elflor+o512= > > > AuAjux

st=k+2 i=0 j=0
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X BN r(smio1)En(t—j—1)En(s) — En(s) Bty — Ex(r) }

T t—k—2
= ENE2 1) Crger) — Eris2) D DL 1Al
t=kt2 =0
T k-2
+ BN 1) Brter2) Crry — enm)®t Do Y Tign ¥
t=k+2 1,j=0

+ ET{??2 (k+1) En(hr2) = En(k+2) En(T) — En(1))}
s—k—2
Z Z ’%:kﬁ/tfs+i:k1[#{s,t,s—i—1}:3
s,t=k+2 i=max{0,s—t}
+ ET{éw(k+1)Aw(k+2)(A (k+3) — Ex(k+3)) Ex(T) — Ex(1))}
s—k—2t—k—2

X Z Z Z ]I#{s i—1t—j—1,s,t}= 4711@731@

s,t=k+2 =0 j=0
by separating according to the possible subscript repetitions. Here, first,
ET{éi(kH)(éw(kH) — sﬂ(k+2))2} = Op(T2a2a?) for all € > 0, as found
earlier. Second,

T
ENerrn)énhan) Erm—enm)’} =0T 7?) D Lpfuusymsbubo(Es—cs)?
u,v,s=k+1
T T T
SO Y &)’ller —erl® =20 Y0 &) D &lEs—es)
u=k+1 u=k+1 s=k+1
T
+ ) E(eu—ew)?}
u=k+1
T T
SOT™){( Y &) +26m| Y &ul+6%}|er —erl’
u=k+1 u=k-+1

Hence, using ZtT:kH er = Op (arlr), equation (S.4.3) and k3/T — 0,

ENEn(er1)Entira) Er)—en(n)’} = Op(T *){aflr+kai T +k' *arar T}
x |er — er||* = Op(T2atlr) |ér — ex||* = Op(T *aiat)
for all € > 0. Third, with |32, 82(8y — eu)| < 6%y |ér — er||, we find
ENE2 1) Ernghr2) = Enhr2) Crery — Exy)}

T

= O(T_g) Z H#{u,v,s}:3éi(év - 51})(4%5 - 55)
u,v,s=k+1
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< UTk{ Z v =€)}
v=k+1
T
-2 Z w— €u) Z w— €u) + Z w—&u)?]
u=k+1 u=k+1 u=k+1

= Op(T%kala? + T3k 2apak ||ep — er| + T736%, |61 — €T||2)
= Op(T3ka2a% + T3k 2d2ar + T 3a}) = Op (T 3ka?a?)
for all € > 0. Fourth,

ENen(or1)En(ir2) Enthrs) — En(ers) En(r) — Ex(m))}

T
= O(T_4) Z H#{u,v,s,t}:4éuét(év —&y)(Es — &)
u,v,s,t=k+1
T T
= O(T74){ Z Hu;«évéu(év - 51})}2 - Z H#{u,v,s}:?,éuév (és - 53)2
u,v=k+1 u,v,s=k+1
T T
= Y Ly —e)Es —es) = Y. LisEl(Eo —0)?),
u,v,s=k+1 u,v=k+1

where the magnitude order of the last three sums was determined above, so

T T T
= O N D &u >, (Bv—ceo)— > eultu—cu)}*+0p(T *kaia7)
u=k+1 v= k+1 u=k+1
T
< O(T (Y &) Z v =&)Y + 67 [ler — e )|’ + Op (T *kaja?)
u=k+1 v=k+1

= Op(T Md%lr + kaiT)kaiT¢) + Op(T *ka2a?) = Op(T *kaZa?)
for all € > 0 if k3/T — 0. Returning to ||o1 + o3|,

T—k—2
Ef lon + 03] = Op(T "agaz) > (Al
j=0
T t—k—
+ Op(T* *kaja Z Z Lty ¥ien Y o
t=k+ 7=0
T —k—
+Op(T 3kakaT Z Z 72;k’7t—s+i;kﬂ#{s,t,s—i—1}:3
s,t=k+2 i=max{0,s—t}
s—k—2t—k—2
+ Op(T *kaia? Z Z Z Ly foiota—j1,s)=a¥ik ¥ jik

s,t=k+2 =0 j=0
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= Op(T*"*kaza?) |4I° + Op(T*k*aza?) |17
+0p(T K ajat + T K ajar) + Op(T "k aiap) 7111

is Op(T< 'kaza?) for all € > 0 if k3/T — 0, the magnitude orders using
(S.4.14), (S.4.16) and reasoning applied previously. Hence, |01 + o3| =
opt (T Y2k 2a,a7) in P-probability for all € > 0 and an r.p. .

Next, with wy; := ZZn:kH BnYjem G=k+1,..,T -k —2), ag can be
written as

; T  [t—k—1 t—k—1
09 = Z [Z Yi— lkst z] Z waEt -7
t=2k+2 L i=1 j=k+1
T  t—k-1 T  t—k—1t—k—1 Lo
= Z Z 7i—1:kwki€72r(t—i)+ Z Z Z Hi#ﬂi—lzkwka‘gt—igt—ja
t=2k-+2 i=k+1 t=2k+2 i=1 j=k+1
where, independently of how w; are specified,
T  t—k-1 t—k—1
E'| Z Z 7i71:kwki572r(t—i)” < ET{E ¥ Z Z vi—1:x kil
t=2k+2 i=k+1 t=2k+2 i=k+1
o0
= o7llVIl} Y 1Bl = oplar)
m=k+1

under Assumption 1(b) and the condition 3°_, . |8,,| = o(az'). Further,

with fop = Zg 1+max{k,s—t} Yit+t—s—1:k@kj> the term

t—k—1t—k—1 T—1 T—k—1
- YY tem el = 2 2 Lpelelfo
1=2k+2 =1 j=k+1 s=2k+1 t=k+1

has, for Rademacher w;,

T-1 T—-k-1 T—k-1
ETHUQXH —ET( En(k+1)€ k+2 Z Z P ‘_92><7
s=2k+1 t=k+1 s,t=2k+1
where
T-1 T—k-1 T—-1 T—-k—-1 T—t
Yoo > Lalfal® < VP D> D Ll Y |wj])?
s=2k+1 t=k+1 s=2k+1 t=k+1 j=l4+max{k,s—t}
T—k-1 J
< TARIPC Y] D0 1Bullvoml)?
j=k+1 m=k+1
oo
< TPAIEC Y2 1BmD)? = o(T?az?),

m=k+1
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and similarly, also Zst 2k+1 foifts = 0(T2052), SO

E'of, |7 = el = o(T?a7?) BT (€2 11 1)e% 1 2)) = or(a})

using equation (S.4.7). On the other hand, for w; =1 a.s. (all ¢),

EN o |? = el + N2 1) Enthr2)Enm)

T-1 T—k—-1 T—k—1T—-k—-1 —
"B Sl Sl TS IS S SH S I R
s=2k+1 t,u=k+1 s=2k+1 t=k+1 u=2k+1
T-1 T—-k—-1T—-k—-1 T-1 T—-k-1
+ Z Z Z H#{u,s,t}:?)f;tftu7L Z Z H#{u,s,t}:3fétfut)
s=2k+1t=2k+1 u=k+1 s,u=2k+1 t=k+1
— T—k—1

+ ET (67r(/€+1)€7r(k+2)57r(T—1)57r(T)) Z Z H#{u v,8,t} = 4fstfu'u
s,u=2k+1t,v=k+1

is op(a%) as

T—-1 T—-k—1 T-1 T—-k—-1
2
Z Z H#{u,s,t}:3fétfsu|§ Z ( Z Hs#t”fst“)
s=2k+1t,u=k+1 s=2k+1 t=k+1
T-1 T—-k-1 T—t
< Y (X L 2 sellE))’
s=2k+1 t=k+1 j=14max{k,s—t}
T—k—1 j 0o
—2
< TP Y. Z BuallVjemD? < T?IAITC Y- 18;)? = o(T?az?),
j=k+1 m=k+1 j=k+1

s T—k-1 -1 <T- —2
and s1m11arly 2 s—2kt1 Zt k41 Z2eu= 2k+1 Lifu,sty=34fus = o(T%az?), also
T—k-1 T—k-1 -2 .
Zs 2k+1 Zt:2k+1 Zu:k+1 H#{u,s,t}:3fs,tftu = O(T3CLT )a and eventually, like-
1 T—k—-1 —2
wise, 0 Loy ST oy Sl fur = 0(T%az”), whereas

T-1 T—k—1 T-1 T—k-1
LY Y Lpuesn=afafwl <C X0 D0 Loallful)®
s,u=2k+1 t,v=k+1 s=2k+1 t=k+1

T—k—-1 J

< THAIPC Y. D2 1Bmllj—m? = o(T"a?)

j=k+1 m=k+1

and the expectations were evaluated in (S.4.8) and (S.4.9). By combining
the above results with Markov’s inequality, it follows that o*; = opi(ar) in
P-probability.
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Finally, we consider o3, still in the case where 7 is an r.p.:

T t—k—2
losl] < | Z Z ’ij ’YJk En(t—j—1)Em(t)Wt—j— 1w |
t=k+2 j7=0
T t—k—2
+|l Z Z ’Yj:k(éw(t—j—l) _57r(t—j—1))57r(t)wt—j—lwt||7
t=k+2 j=0

where the second norm on the right-hand side is of the same form as [|o] +
o3|, with v, in place of 4,.;, and is opt (T1/2kY2aya7) in P-probability,
for all € > 0, by a similar argument as for o1 + 03. Regarding the other
norm, say ||os1||, for Rademacher {w;} it holds that

t—k—2

Ef loa|? = E{gw(k—&-l 7(k12)) Z Z 196 — ’Yj:k||2
t=k+2 j=0

< O(T 'k)o7674|Arrk—2 — Yren—2ll®
O(T'kap) By — BilI> = Op(T 'kaia?)

using equations (S.4.14), (S.4.5) and (7.1), for all € > 0. Similarly, for w; = 1
Pt-as. (all t),

T s—k—2t—k—2

k
EJr 031 = Z Z Z 71 sk — Vik (’?]k - 7]]{})

st=k+2 i=0 j=0

X BN {&n(s—i1)En(t—j1)En(s)En(t) }

T t—k—2
= BN Suy) Y O 1A — vl
t=kt+2 j=0
T t—k—2
+EN e nérrnamt O O Lieyy (o — Vi) Fjx — Vin)
t=k+2 4,5=0
+ET{éi(k+1)5 (k+2)Ex(T) }
s—k—2
X Z Z Fik = Yik) Ft—sick — Vi—stick) L {s,t,s—i—1}=3

s,t=k+2 i=max{0,s—t}

+ET{éﬂ(k+1)éﬂ(l€+2)Eﬂ'(k+3)€ﬂ'( )}
s—k—2t—k—2

X Z Z Z L fs—im1t—j—1,5,4}= —a(Fike — Vi) (’YJk ’ij)

s,;t=k+2 =0 j=0
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implying that

E'osr = Op(T“'kajay) + Op(T*K2alr) |[Arino — Yron ol
+0p(T?KParai Iy + T kailr) |97 k2 — Yrixall
= Op(T 'kajat) + Op(T~*Kazly)||B), — Bl
—i—Op(T*zkgaka?;“ElT + Tflkza?’TlT)HBk =Bl = Op(Teflkaia%),

for all ¢ > 0, as

T s—k—2
> > 1¥ike = Vil ¥ i—stie — YVimsrin Mgs t,s—i—1)=3
s,t=k+2 i=max{0,s—t}
T—k—2
< 2T A7yk—2 — Yrrk—2ll Z il ¥k — Yikl
i=0

= W12 — YrirollOp(KParTas " + kT?az")

by (S.4.16) and k3 /T — 0, so ||o3|| = opt (T~ /2k'2a,ar) in P-probability.
Combined with the evaluations of ||o1 + o3| and ag, this proves part (b)
in the r.p. case.

S.4.1.4. Proof of part (c). We consider the bootstrap schemes separately
k —k—
for SOET — ag = Z;&F:Hz 23‘:]8 2'yj:ksw(t_j_l)sﬂ(t)wt_j_lwt , and we use pre-
vious evaluations for HO‘;” = opt(ar) in P-probability.
For 7 equal to the identity it holds that

T t—k-2
k
ET||50;L70£H2 = Z Z ‘|7j:k||251%—j—15%
t=k+2 j=0
T t—k-2
= Z Z H7j:]€||26t2—j—1€§(]1‘6t_j_16t‘SaT +H|€t—j—15t‘>&T)
t=k+2 j=0
with
T t—k-—2 0o
E Y 1yl ®e?j16ilie, s seni<ar < TRE(EIeRe,c0)<ar) D75,
t=k+2 j=0 =0
which is O(ak), and for 1 € [, @),

t—k—2 [e's)

n
||’Yj:kH28%—j—1€?H‘€t_j_16t|>dT) 2 < Tk'E(|61€2|nH‘€162‘>5JT) Z ‘/7]|77
0 j=0

E( Y

t=k+2

<.
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which is O(a}k) by KT, so
E'[[Sod — o3l|* = Op(a3k*") and [|S5] — o}l = opt (ara;™)
in P-probability, for € > 0, by Markov’s inequality. Adding ”O’;H = opi(ar)

completes the case 7 equal to the identity.
If 7 is an r.p., for Sg;r it holds that

t—k—2
Ef Z S vjlllere—j-nllexw]

t=k+2 j=0

IN

k
EN (1S5 — o]

T
< Op(T7'R)( D |ee])? = Op(T™ 'k max{T?, a}i7}).
t=k+1

Hence, by Markov’s inequality, HSSJ - 0’;” = Opt (T kmax{T?,a?1%}) in

P-probability. For large o this can be sharpened slightly by evaluating the
conditional variance. For Rademacher {w,},

t—k—

E' S5 - of|f? = Ef Z Z V%€= j—1)er@y < Op(T k)0
t=k+2 7=0

is Op(T~1ka}), whereas for constant wy,

B S ol = > >

T s—k—2t—k—2
VirY jik B En(s—im1)En(t—j—1)En(s)En(t) }

si—k42 i=0 j=0

T t—k-2

2

= E'{e (k+1) 7r(k+2} Z Z 17,5
t=k+2 35=0

T t—k—2

+ENerrnenmramt 2 O Kty YirVin
t=k+2 1,57=0

+ ET{52 k+1)€7r(k+2)57r(T)}
s—k—2

X Z Z 7;:k7t—s+i:kﬂ#{s,t,37i71}:3
s,t=k+2 i=max{0,s—t}

+ET{€ (k-+1)Em(k+2)Em(k+3)Em(T) }
s—k—2t—k—2

X Z Z Z H#{s i—1,t—j—1,s,t}= 47zk7]k

sit=k+2 =0 j=0
= Op(T *kad)|¥|? + Op(T2k%a}lr) = Op(T 'ka})
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k
using Y2 il virll < K2yl + kXRyily] = O (k?), so IS5 — ob|l =
Opt (T71/2KY262) in P-probability. Adding HO‘;H = opt(ar) completes the
proof in the case where 7 is equal to the identity. [J

S.5. Multiple Restrictions. Consider the Wald statistic W and its
bootstrap counterparts W* and W3 defined in Remark 4.2(ix). As in the
proof of Theorem 3, and using repeatedly the notation introduced there in
what follows, define the r.v.’s

W= Toz? Li(Sf6) ™ SEELLk(S30) ~ Li) " Li(S35) ~SEE.

W= T‘752Lk(5§0)715§s[Lk(sgo)flﬂ ] Lk (S80) S5

W™ = T Li(Sgy )~ S52 [La(S50) " Li ™ Li(S58) " 552
The following sequential distances can then be evaluated in place of those
in the proof of Theorem 3.

1. As in step 1 of that proof, it holds that p, (£*(W*), LF(W*)) = 0 and
oL (L5(W3), £1(173)) = 0.

2. We argue below that, for the wild bootstrap, Wx = W4 opt (Ta2ar?)
in P-probability, so
(S.5.1) oo (L} (abar? T IWE), £ (abag®T- W) = op(1),
whereas for an r.p. 7, W* = W + opy (T&%a?l) in P-probability, so
(S.5.2) pr (LN (ahar?TIW), L1 (atar > T W) = op(1).

3(a). As in step 3 of Theorem 3’s proof, under bootstrap schemes wpg
it holds that py (£5(Sl), £I1(S)) = 0 and py (£5(S{F), £I#1(SE.)) = 0 for
symmetric &;’s. As a result, py (Lf(aha 2T 'WH), L"e‘( Lap2T—W)) = 0.

3(b). Under scheme (g, wy), it holds that W1 = W algebraically.

4(a). Under symmetry of the distribution of ¢, similarly to step 2,

Li(8) 7 58 = Lu(SEE) S5 + opre (a2 + Lnmry, T 20z b 2ay),

(L1 (St0) ™" Li T Li(S0) ™" Sp. = [Li(SG0) ™ Li) ™' Lin(S50) 7 SEr
+0P|€\ (&T + ]Irr:r.p.TE_l/2aTkl/2ak)7
in P-probability, so pL(£|E|(a§L~EL:}2T_1W),E'E‘(a%éfT_lW’rk) =op(1). In
the case where 7 is the identity, using
briok = 1+65:(]6 —€l*+ 22&} (et — &)
< 1+6;, (H(-: — e+ 267:/|1E — )

= 1+Op(aT2(akaT+aka ) =1+ Op(agag ™)
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for € > 0, we can conclude that W7 equals c}}zo’%W =W+ ope (W) =
W 4 0piel (ap*@%T), resulting in

pr(LIE (a2 TW), LIl (ada 2T W) = op(1).

In the case of an r.p. 7, 670%W conditional on {|e;|}f___ and the order
statistics of {|e|};_; is distributed like W™ conditional on {[e;|}_ S0

pr(LIE(aa 2 T—1W), Llel(ada 2T W) = op(1).
As 67202 TW = TW + op (W), also
pr (Ll (aha > TW), Ll (a4ar> T W) = op(1).
4(b). Under scheme (g, w1), similarly to step 2,
L8788 = LS5 ST + opr(a72r + Lucyp T V207 01 20y,
[L1(S50) " L) ' Li(S50) "S5 = [Ln(S58) T L] T Li(S50) ' S5
+opt(ar + ]IW:T.p_TE_l/QaTkl/Qak)

in P-probability. As 6,20%W conditional on {e;}f__., and the order statis-
tics of {g;}. ;. is distributed like W™ under P1, it follows that

pr (LY (ka2 T—IW), L8 (a%ap > T~ IW) = op(1).
Finally, &;20%1/[/ =W + ope(W), so also
pr(LN(apar> T~ W), L% (atar > T W) = op(1).

Then we combine the previous distances using the triangle inequality to
conclude that

for mig : pp(L*(atar”T ' WR), L1 (a3a;>T W) = 0p(1),
for mp,wr = pp(L¥(akap 2 TIW®), LIl (aha 2T IW) = op(1),
for mp,wia :  pr(L*(atap*T ' W*), L8 (atar T W) = op(1).

These are equivalent to the convergence asserted in Remark 4.2.(ix).

The argument for Step 2 above can be structured as follows. First, the
following refinement of Lemma 3(c) can be proved similarly to that lemma
(we skip the details).
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LEMMA S.3. Let k*/T +1/k — 0 and Assumption 1 hold. Then it holds
that:

(a) For an r.p. m, ||S0E | = Opt((k+a,™)ar) in P probability, for every
€ > 0.

Moreover, as in Lemma 1, let the selection matriz L has & -summable
rows under linear weighting (i.e. such that Z?‘;ljllzj\‘sl <00, i =1,..,m)
for some §' € (4, 224?04)7 with § as defined in Assumption 1. Then:

(b) For an r.p. , ||(LE*1);€S£§|| = Opi(aply) in P probability, where
It =1 for a # 1 and lp is slowly varying for a = 1.

(c) For 7 equal to the identity, ||[(LY " )kSSSH = Opt(a}’™) in P proba-
bility, for every e > 0.

Next, it can be used to derive the following expansions.

LEMMA S.4. Under Assumption 1 and the &' -summability assumption of
Lemma 1, it holds in P probability that, for small € > 0,

Li(S50) 180 = o7 (L8NS + opi(az ) = opi(ag )
if 7 is the identity and k*/T + 1/k — 0, whereas
Li(S50) S0 = o7 (LSS + opi(arar) = opi(ap*ariy)
if T is an r.p., k)T + 1/k — 0 and for a < 1, also k3t?/*t</T — 0 for

some ¢ > 0.

Finally, (S.5.1) and (S.5.2) can be obtained as follows. Similarly to the
argument for Step 2 in the proof of Theorem 3, it can be shown that

(S.5.3) Li(By — B, + LneiaAB1) = Li(S5H) 1 (S5F — o)
= Li(S§5) 1S + opi(ag! ™ + Lemyp, T 2ag K 2ay),
(S.5.4) [L(SE) L4 Li (B — B + Lr—iaAB)
= [La(ST0) T L T La(ST0) T SEE 4 opt (a7 + Tnmrp T Park 2ay,),
It also holds that
033 — 6% < (Br— Br)SsE(Br, — Br) + 261k[(Br, — Br) Sek (By — Br))/?
= Ss() (500) 505 + 20'Tk:[550 (50 )" S*k]l/Q
so |05 — 6%, = opt(a}tar) for m = id and |32 — 67| = Opt ((k —|— ak)dT)

for an r.p. 7, in P-probability, for all € > 0. As |63, — 02| = op(arar"©), all
€ > 0 (see equation (7.1) and (S.4.5)), it follows that

(S.5.5) o2 = 0% + opt (apar™ + Ly p kal™c).
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From (S.5.3) and (S.5.4), using that the eigenvalues of Sgg have exact
magnitude order a2 in PT,P probability, and Lk(SSg )_1585 = Opi(a?) for
m =1id and € > 0 (by Lemma S.4), it follows that for small € > 0,

1 s « Ey—1 otk ky— _ ky—1 otk —e €
r 1UT2kWA = Lk(Sgo) 1585 [Lk<580) 1L§c] 1Lk(5(§0) 1S$s+0PT(aT ) = opt(ar)

for the wild bootstrap, if k*/T — 0. Upon division by 022 and its approxima-
tion by o2, according to (S.5.5), it is obtained that W% = W+ opt (Tazaz?)
and, as a consequence, equation (S.5.1) holds.

If 7 is an r.p., independently of the specification of {wt}tT:kJrl, equations
(S.5.3) and (S.5.4) specialize to

LBy — By) = Lk(sglg)flsglg +opi(ap' ™+ T 2az kY 2ay,),

[Lk(S58) " Li) ' LB — Br) = [L(S55) T L] Lu(STo) 5o
+opt(ag €+ T2\ 2 apar).
As now Lk(SSS)*lSSf = Opt(aparly) under the hypotheses of Lemma S.4,
it follows that, if k°/T — 0 (and for a < 1, also k3T2/2+¢/T — 0 for some
¢ > 0), then for sufficiently small € > 0,
Tlo W™ = Li(S3) ™ SEEILR(ST0) ™ LA) ™ La(S80) 1 S0E + opi (ar)
is opt (a%) in P probability. As previously, jointly with (S.5.5) this leads to
W* = Wt + opt (Ta%ar*) and, hence, (S.5.2) follows.
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